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PREFACE. 



Tho8B who are conversant with the prepuration of ele- 
mentary text-booksy have experienced the difficulty of 
adapting them to the various wants which they axe in- 
tended to supply. 

The institutions of education are of all grades, firom the 
college to the district school, and although there is a wide 
difference between the extremes, the level, in passing 
from one grade to the other, is scarcely broken. 

Each of these classes of seminaries requires text-books 
adapted to its own pecuUar wants ; and if each held its 
proper place in its own class, the task of supplying suit- 
able works would not be difficult. 

An indifferent college is generally inferior, in the system 
and scope of its instruction, to the academy or high school; 
while the district school is often found to be superior to 
its neighboring academy. 

The Geometry of Legendre, embracing a complete 
course of Geometrical science, is all that is desired in 
the colleges and higher seminaries ; while the Practical 
Mathematics for Practical Men, recently published, is 
designed to meet the wants of those schools which are 
strictly elementary and practical in their systems of 
instruction. ^^ 
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But Btill a large class of seminaries remained nnsnp- 
plied with a suitable text-book on Elementary Geometry 
and Trigonometry : viz., those where the pupils are car- 
ried beyond the acquisition of facts and mere practical 
knowledge, but have not time to go through with a full 
course of mathematical studies. 

It is fox such, that the following work is designed. It 
has been the aim of the author to present the strikiIl^ 
and important truths of Geometry in a form more simple 
and concise than could be adopted in a complete treatise, 
and yet to preserve the exactness of rigorous reasoning. 

In this system of Geometry nothing has been taken fci 
granted, and nothing passed over without being fully de 

xnonstrated. 

Tlie Trigonometry, including the applications to the 
measurements of heights and distances, has been writ- 
ten upon the same plan and for the same objects: it 
embraces all the important theorems and all the striking 
examples. 

In order, however, to render the applications of Gre- 
ometry to the mensuration of surfaces and solids complete 
in itself, a few rules have been given which are not de- 
monstrated. This forms an exception to the general plan 
of the work, but being added in the form of an appendix, it 
does not materially break its umty. 

That the work may be useful in advancing the interests 
of education, is the hope and ardent wish of the author. 
FmiaaLL LANDnro, 
ifi^ 1861 
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BOOK I. 

DEFINITIONS AND REMARKS. 

1. Extension has three dimensions, length, breadth, anil 
thickness. 

Geometry is the science which has for its object: 

1st. The measurement of extension ; and 2dlj, To discover, 

by means of such measurement, the properties and relatioDfl 

of ffeometrical fiierures. 

2. A Point is that which has place, or position, bat not 
magnitude. 

3. A Line is length, without breadth or thickness. 

4. A Straight Line is one which lies 

in the same direction between any two of ■ 

its points. 

5. A Curve Line is one which changes 
is direction at every point 

The word line when used alone, will designate a straighi 
line ; and the word curve, a curve line. 

6s A Surface is that which has length and breadth, with« 
out height or thickness. 

7. A Plane Surface is that which lies even throughout its 
whole extent, and with which a straight line, laid in any 
direction, will exactly coincide in its whole len&fth. 

8. A Curved Surface has length and breadth without thick- 
ness, and like a curve line is constantly changing its direction 

9. A Solid or Body is that which has length, breadth, and 
thickness. Length, breadth, and thickness are called dinion- 
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Definitior ■• 



fiions. Hence, a solid has three dimensions, a surface two 
and a line one. A point has no dimensions, but position only 

10. Geometry treats of lines, surfaces, and solids. 

11. A Demonstration is a course of reasoning which 08tal> 
wishes a truth. 

12. An Hypothesis is a supposition on which a demonstra/- 
tion may be founded. 

13. A Theorem is something to be proved by demonstration. 
14.' A Problem is something proposed to be done. 

15. A Proposition is something proposed either to be done 
or demonstrated — and may be either a problem or a theorem. 

16. A Corollary is an obvious consequence, deduced from 
soipething that has gone before. 

17. A Scholium is a remark on one or more preceding propo- 
sitions. 

18. An Axiom is a self evident proposition. 

OF ANGLES. 

19. An Angle is the portion of a plane included between 
two straight lines which meet at a common point. The 
two straight lines are called the sides of the angle, and 
the common point of intersection, the vertex. 

Thus, the part of the plane included ^ 

»tween AB and AC \& called an angle : 
AB and A C are its sides^ and A its vertex. X^ j 

An angle is generally read, by placing the lettei at the vei 
(ox in the middle. Thus, we say, the angle CAB, We may 
however, say simply, the angle A. 

20. One line is said to be perpendicular to another when il 
inclines no more to the one side than to the other 
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The two angles formed are then equal to 
each other. Thus, if the line DB is per- 
pendicular to AC, the angle DBA will 
be equal to DBC. 

21. When two lines are perpendicular 
to each other, the angles which they form 
are called right angles. Thus, DBA and 
DBC are called right angles. 

22. An acute angle is less than a right 
angle. Thus, DBC is an acute angle. 

23. An obtuse angle is greater than a 
right angle. Thus, DBC is an obtuse 
angle. 

24. The circumferonoo of a circle is a 
curve line all the points of which are 
equally distant from a certain point within 
called the centre. 

Thus, if all the points of the curve A£B 
are equally distant from the centre C, this 
curve will be the circumference of a circle* 

25. Any portion of the circumference, 
as AED, is called an eure 

26. The diameter of a circle is a 
straight line passing through the centre 
and terminating at the circumference. 
Thus, ACB is a diameter. 

27. One half of the circumference, as 
ACB is called a semicircumference ; and 
one quarter of the circumference, hs AC 
is called a quadroRi 
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28 The circumference of a circle is used for the measure* 
ment of angles. For this purpose it is divided into 360 equal 
parts called degrees, each degree into 60 equal parts called 
minutes, and each minute into 60 equal parts called seconds. 
The degrees, minutes, and seconds are marked thus ^ ' " ; and 
9** 18' 16'', are read, 9 degrees 18 minutes and 16 seconds. 

29. Let us suppose the circumference ^^SSLjn 

of a circle to be divided into 360 degrees, 
beginning at the point B, If through 
the point of division marked 40, we draw 
CE, then, the angle ECB will be equal to 
40 degrees. If CF were drawn through 
the point of division marked 80, the angle BCF would be eqaai 
to 80 degrees. 





OF LINKS. 

30. Two straight lines are said to be 
parallel, when being produced either way, 
as far as we please, they will not meet 
each other. 

31. Two curves are said to be parallel 
or eoncerUriCf when they are the same dis- 
tance from each other at every point. 

32. Oblique lines are those which ap- 
proach each other, and meet if sufficiently 
produced. 

33. Lines which are parallel to the horizon, or to the water 
level, are called hor'zontal lines. 

34. Lines which are perpendicular to the horizon, or to the 
water level are called vertical lines 
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Definitions. 



OF PLANS FIGURES. 

35. A Plane Figure is a portion of a plane terminated on all 
Bides by lines, either straight or curved. 

36. If the lines which bound a figure are straight, the space 
wliieh they inclose is called a rectilineal figure, ox polygon 
The lines themselves, taken together, are called the perimttm 
of the polygon. Hence, the perimeter of a polygon is the sum 
of all its sides. 

37. A polygon of three sides is called 
a triangle. 




38. A polygon of four sides is called 
B quadrilateral. 




39. A polygon of five sides is called a 
pentagon. 




40. A polygon of six sides is called 
hexagon. 





41. A polygon ot seven sides is called a heptagon 

42. A polygon of eight sides is called an octagon. 

S 
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43. A polygon of nine sides is called a nonagon. 

44. A polygon of ten sides is called a decagon. 

45. A polygon of twelve sides is called a dodecagon. 

46. There are several kinds of triangles. 



First, An equilateral triangle, which has 
its threo sides all equal. 




Second. An isosceles triangle, which has 
two of its sides equal. 



Third. A scalene triangle, which has its 
three sides all unequal. 





Fourth. A right angled triangle, which 
has one right angle. 

In the right angled triangle ABC, the 
side AC, opposite the right angle, is called 
the hypothenuse. 

47. The base of a triangle is the side on 
which it stands. Thus, AB is the base of 
the triangle ACB, 

The altitude of a triangle is a line drawn 
from the angle opposite the base and per-^ 
pendicular to the base. Thus, CD is the altitude of the tri 
angle ACB 
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48. There are three kinds of quadriUterAla. 



1. The trapezium^ which has none of 



I )t8 sides paralleL 



i 




2. The trapezoid^ which has only two 
of its sides paralleL 



Z 



\ 



8. The parallelogram^ which has its 
opposite sides parallel. 



Z 



49. There are four kinds of parallelogranis : 

1. The rhomboid^ which has no right 
angle. 
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2. The rhombus, or hzengt 
an equilateral rhomhoi^* 



, which IS f 



8. The rectangle, which is an equian- 
gular parallelogram. 




4. The square, which is both equilat- 
eral and equiangular. 
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50. A Diagonal of a figure is a line which 
joins the vertices of two angles not adjacent 



51. The base of a figure is the side on which it is supposed 
U> stand ; and the altitude is a line drawn from the opposite 
side or angle, perpendicular to the base, 

AXIOMS. 

1. Things wliich are equal to the same thing are equal to 
eacli other. 

2. If equals be added to equals, the wholes will be equal. 

3. If equals be taken from equals, the remainders will be 
equal. 

4. If equals be added to unequals, the wholes will be un- 
equal. 

5. If equals be taken from unequals, the remainders will be 
unequal. 

6. Things which are double of equal things, are equal to 
each other. 

7. Things which are halves of the same thing, are equal to 
each other. 

8. The whole is greater than any of its parts 

9. The whole is equal to the sum of all its parts. 

10. All right angles are equal to each other. 

11. A straight line is the shortest distance between twc 
points. 

12. Magnitudes, which being applied to each other, ooio* 
ddo throughout their whole extent, are equaL 
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PROPERTIES OF POLYGONS. 




THEOREM I. 

Ewry diameter of a circle divides the circumference into two 

equal parts. 

Let ADBE be the circumference of a 
circle, and A CB a diameter : then will 
the part ADB be equal to the part AEB. 

For, suppose the part AEB to be turn- 
ed around AB, until it shall fall on the 
part ADB. The curve AEB will then 
exactly coincide with the curve ADB, or else there would 
be some point in the curve AEB or ADB^ unequally distant 
from the centre C, which is contrary to the definition ot a 
circumference (Def. 24). Hence, the two curves will be 
equal (Ax. 12). 

Corollary 1. If two lines, AB, DE, 
be drawn through the centre C perpen- 
dicular to each other, each will divide the 
circumference into two equal parts ; and A I 
the entire circumference will be divided 
into the equal quadrants DB, DA, AE, 
and EB. 

Car. 2. Hence, a riglit angle, as DCB, is measured by one 

quadrant, or 90 degrees ; two right angles by a semicircumfer- 

ence, or IdO degrees ; and four right angles by the whole cir« 

cumference, or 360 degrees 

2* 
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THEOREM II. 

If one straight line meet another straight line, the sum of Ih^i 
two adjacent angles will he equal to two right angles. 

Let the straight line CD meet the 
straight line AB, at the point C; then 
will the angle DCB plus the angle DC A 
be equal to two right angles. A "C 7? 

About the centre C, with any radius as CB, suppose a 
Bemicircumference to be described. Then, the angle DCB 
will be measured by the arc 5D, and the angle DC A by the 
arc AD, But the sum of the two arcs is equal to a semicii^ 
cumference ' hence, the sum of the two angles is equal to two 
right angles (Th. i, Cor. 2). 

Cot. 1. If one of the angles, as DCB, 
is IV right angle, the other angle, DC A 
will also be a right angle. 

Cor. 2. Hence, all the angles which 
can be formed at any point (7, by any 
number of lines, CD, CE, CF, ifec, 
drawn on the same side of AB, are equal 
to two right angles : for, they will be 
measured by a semicircumference. 

Cor. 3, ^ DC meets two lines CB, CA, making DCB 
plus DC A equal to two right angles, ACB will form one 
straight line. 

Cor. 4. Hence, also, all the angles 
which can be formed round any point, as 
C, are equal to four right angles. For, 
the sum of all the arcs which measure 
them, is equal to the entire circumference, 
which is the measure of four right angles (Th. L Cor. 2). 



B 
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THEOREM III. 

Ij two straight lines intersect each other^ the opposite or ver- 
tical angles which tJtey form^ are equal. 

Let the two straight lines AB and 
CD intersect each other at the point 
E : then will the opposite angle AEC 
be equal to DEB, and AED=CEB. 

For, since the line AE meets the ^ 

line CD, the angle AEC-\-AEDz=. two right angles. But 
since the line DE meets the line AB, we have DEB-\-AED=z 
two right angles. Taking away from these equals the com- 
mon angle AED, and there will remain the angle AEC equal 
to the angle DEB (Ax. 3). 

In the same manner we may prove that the angle AED is 
eqnal to the angle CEB, 

THEOREM iv. 

If two triangles have two sides and the included angle of the 
one, equal to two sides and the included angle of the other, each 
to each, the two triangles will be equal. 

Let the triangles ABC and DEF 
have the side AC equal to DF, CB 
to FE, and the angle C equal to the 
angle F: then will the triangle A CB 
be equal to the triangle DEF. 

For, suppose the side A C, of the ^ " 

triangle ACB, to be placed on DF, so that the extremity C 
shall fall on the extrenuiy F: then, since the sides are equal 
A will fall on D. 

But since the angle C is equal to the angle F, the line CB 
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will fall on FE ; and since CB. is equal 
to FEy the extremity^ will fall on E; 
and consequently the side AB will fall 
on the side Z)£ (Ax, 11). Hence, the 
two triangles will fill the same space, 
and consequently are equal (Ax. 12.). -4 ^ ^ 

Scholium, Two triangles are said to be equal, when being 
applied the one to the other they exactly coincide (Ax. 12)« 
Hence, equal triangles have their like parts equal, each to 
each, since those parts coincide with each other. The converse 
of the proposition is also true, namely, that two triangles 
which have all the parts of the one equal to the corresponding 
parts of the other ^ each to each, are equal : for if applied the 
one to the other, the equal parts will coincide. 

THEOREM V. 

If two triangles have two angles and the included side of tnn 
ansy equal to two angles and the included side of the other^ each to 
tiochf the two triangles will be equal. 

Let the two triangles ABC and 
DRF have the angle A equal to the 
angle D, the angle B equal to the 
angle E, and tlie included side AB 
equal to the included side DE * then 
will the triangle ABC be equal to the 
triangle DEF, 

For, let the side AB be placed on the side DE, the extrem 
ity A on the extremity D ; and since the sides are equal, the 
point B will fall on the point E, 

Then since <he angle A is equal to the angle D, the side 
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AC will take the direction DF: and since the angle B is 
equal to the angle E, the side BC will fall or the side EF: 
hence, the point C will be found at the same time on DF and 
EFf and therefore will fall at the intersection F: consequently^ 
all the parts of the triangle ABC will coincide with the parts 
of the triangle DEF, and therefore, the two triangles arc equal 

Til£OR£M vi. 

In an isosceles triangle the angles opposite the equal sides are 

equai to each other. 

Let ABC be an isosceles triangle, hav* 
ing the side AC equal to the side CB: 
then will the angle A be equal to the an- 
gle B. 
^ A 

For, suppose the line CD to be drawn dividing the angle C 
into two equal parts. 

Then, the two triangles ACD and DCB, have two sides and 
the included angle of the one equal to two sides and the in- 
cluded angle of the other, each to each: that is, the side AC 
equal to ^C, the side CD common, and the included angle 
ACD equal to the included angle DCB: hence the two trian 
glcs are equal (Th. iv); and hence, the angle A is equal te 
the angle B. 

Oar, 1. Hence, the line which bisects the vertical angle o( 
«n isosceles triangle, bisects the base. It is also perpendica* 
iar to the base, since the angle CD A is equal to the angle 
CDB, 

Cor. 2. Hence, also, every equilateral triangle, must also 
be equiangular: that is, have all its angles equal, each to each 
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THEOREM V:i. 

Ciinverscly. — If a triangle has ttoo of its angles equals thi 
sides opposite those angles vnd also be equal. 

In the triangle ABC, let the angle A be 
equal to the angle B : tnen will the side 
^C be equal to the side AC. 

For, if the two sides are not equal, one 
of them must be greater than the other. 
Suppose A C to be the greater side. Then 
take a part AD equal to BC 

Now, in the two triangles ADB and ABC, we have tbo 
side AD=zBC, by hypothesis ; the side aB common, and tho 
angle A equal to the angle B: hence, the two triangles have 
two sides and the included angle of the one equal to two sides 
and the included angle of the other, each to each : hence, tho 
two triangles are equal (Th. iv), that is, a part ADB is 
equal to the whole ABC, which is impossible (Ax. 8) : oonse- 
quently, the side AC cannot be greater than the side CB, and 
hence, the triangle is isosceles. 

Scholium 1. The method of reasoning pursued in the last 
theorem, is called the " reductio ad absurdum," or a proof that 
leads to a known absurdity. 

Let us analyze this method of reasoning. We wished to 
prove that the two sides AC, CB were equal. We supposed 
them unequal, Bnl AC the greater — that was an hjrpothesis 
(See Def. 12). We then reasoned on the hypothesis and 
(noyed a part equal to the whole, which we know to be false 
(Ax. 8) Hence, we conchide that the h3rpothesis is untrue, 
because after a correct chain of reasoning it leads to a resull 
which we know to be absurd. 
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Scholnan 2. Generally, — If the demonstration is based or. 
known principles, previously proved, or admitted in the ax- 
ioms, the conclusion will always be true. But, if the demon- 
stration is based on an hypothesis, (as in the last theorem, thai 
AC was the greater side), and the conclusion is contrary to 
what has been previously proved, or admitted in the axioms 
then, it follows, that the hypothesis cannot be true. 

The former is called a direct, and the latter an indirect 
demonstration. 




THEOREM VIII. 

If two triangles have the three sides of the one equal to the 
three sides of the other, each to each, the three angles wiU al8o be 
equal, each to each. 

Let the two triangles ABC, ABD, 
have the side AB equal to the side AB, 
the side AC equal to AD^ and the side 
CB equal to DB: then will the corres- 
ponding angles also be equal, viz: the 
angle A will be equal to the angle A, the 
angle B to the angle B, and the angle C 
to die angle Z>. 

For, suppose the triangles to be joined 
by their longest equal sides AB, and the 
line CD to be drawn. 

Then, since the side AC \% equal to AD, by hypothesis, the 
tnangle ADC will be isosceles ; and therefore, the angle ACD 
will be equal to the angle ADC (Th. vi). In like manner, 
m the triangle CBD, the side CB is equal to DB : hence, tlie 
angle BCD is equal to the angle BDC, 

Now, by the addition of equals, we have 
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ACD+BCD=ADC+BDC 
that is, the angle ACBz=zADB. 

Now, the two triangles ACS and ADB 
h&ve two sides and the included angle of 
the one equal to two sides and the in- 
cluded angle of the other, each to each: hence, the remaining 
angles will be equal (Th. iv) : consequently, the angle CAB 
\B equal to BAD, and the angle CBA to the angle ABD, 

Sch. The angles of the two triangles which are equal to 
each other, are those which lie opposite the equal sides. 




THEOREM IX. 

If one side of a triangle is produced^ the outward angle u 
greater than either of the inward opposite angles. 

Let ABC be a triangle, having the side 
AB produced to Z> .* then will the outward 
angle CBD be greater than either of the 
inward opposite angles A or C. 

For, suppose the side CB to be bisected at the point E. 
Draw AE, and produce it until EF is equal to AE^ and then 
draw BF. 

Now, since the two triangles AEC and BEF h&yti AE=z 
EF and EC=zEBj and the included angle AEC equal to the 
included angle BEF (Th. iii), the two triangles will be equal 
bi all respects (Th. iv) : hence, the angle EBF vriW be equal 
to the angle C But the angle CBD is greater than the angle 
CBF^ consequently it is greater than the angle C. 

In like manner, if CB be produced to G, and AB be bi- 
gected, it may be proved that the outward angle ABG, or its 
equal CBD (Th. iii). is greater than the angle A. 
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THEOREM X. 

The sum of any tvoo sides of a triangle is stealer tKan the 

third cide. 




4 



Let ABC be a triangle • then will the 
sum of two of its sides, as A C, CB, be 
greater than the third side AB, 

For the straight line AB is the short- 
est distance between the two ]ioints A and B (Ax. xi): hence 
A C+ CB is greater than AB, 

THEOREM XT. 

The greater side of every tnangle is opposite tlie greater ang^e, 
and conversely, the greater angle is opposite the greater side. 

First, In the triangle CAB, let the an- 
gle C be greater than the angle B : then, 
will the side AB he greater than the side 

AC. C^^^^—^B 

For, draw CD, making the angle BCD 

equal to the angle B. Then, the triangle CBD will be 
isosceles : hence, the side CD=DB (Th. vii.) 

But, by the last theorem AC is less than AD+CD; that 
is. less than AD-^DB, and consequently less than AB, 

Secondly. Let us suppose the side AB to be greater than 
A C ; then will the angle C be greater than the angle B. 

For if the angle C were equal to B, the triangle CA B 
would be isosceles, and the side AC would bo equal to AB 
\T]u vii) , which would be contrary to the hypothesis. 

Agaui, if the angle C were less than B, then, by the first 

part of the theorem, the side AB would be less than A C, 

which is also contrary to the hypothesis Elence, since C 

3 
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cannot be equal to By nor less than B, it follows that it must 
bo greater 

THEOREM XII. 

» 

If a strtttghl hne intersect two parallel ItneSf the alternate anghs 

will be eqwd. 

If two parallel straight hnes, AB CD, 

are intersected by a third line GH, the 

angles AEF and EFD are called alternate -* y^''""'^^^ 
angles. It is required to prove that these C /J' 
angles are equal. "" 

If they are unequal one of them must be greater than the 
other. Suppose EFD to be the greater angle. 

Now conceive FB to be drawn, making the angle EFB 
equal to the angle AEF, and meeting AE in B 

Then, in the triangle FEB the outward angle FEA is greater 
than either of the inward angles B or EFB (Th. ix.) ; and 
therefore, EFB can never be equal to AJE^Fso long as iTB meets 
EB. 

But since .we have supposed EFD to be greatei than AEF, 
it follows that EFB could not be equal to AEF, if FB fell be- 
low FD» Therefore, if the angle EFB is equal to the angle 
AEFj FB cannot meet AB, nor fall below FD, and conse- 
quently must coincide with the parallel CD (Def. 30) : and 
cnce, the alternate angles AEF and EFD are equal. 



Cor. If a line be perpendicular to one 
of two parallel lines, it will also be per- 
pendicular to the other 
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THEOREM XIll. 

CoDversely, — If a line intersect two straight lines, making thi 
alternate angles equal, those straight lines toill heparaUeL 

l#6 tho line EF meet the lines ^B, 
CD, making thfl angle AEF equal to the 
an^o EFD : tlicn will the lines AB and 
CD be parallel. 

For, if they are not parallel, suppose ^*"G 

through the point F the line FG to be drawn parallel to AB, 

Then, because of the parallels AB, FG, the alternate angles, 
AEF and EFG will bo equal (Th. xii). But, by nyputhesis, 
the angle AEF is equal to EFD : hence, the angle EFD id 
equal to the angle EFG (Ax. 1) ; that is, a part is equal to tho 
whole,, which is absurd (Ax. 8) : therefore, no line but CD can 
be parallel to AB,. 

Cor. If two lines are perpendicular tc 
the same line, they will be parallel to 
each other. 



THEOREM XIY. 

If a line cut two parallel lines, the outward angle is equal to 
the inward opposite angle on the same side; aid the two inward 
angles, on the same side, are equal to two right angles. 

Lei the line EF cut the two parallels 
AB CD then wiU the outward angle / 

EGB be equaA to the inward opposite an- A --p/^^ jj 

gle EHD ; and the two inward angles, C — "y^^^^ X 

BGH and GIID, will be equal to. two ^ 
Ti^^lit angles. 
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First. Since the lines AB, CD, are parallel, the angle AGh 
IB equal to the alternate angle GHD E 

(Til. xii); but the angle AGH is equal ^| -pQ — q 

lo the opposite angle EGB : honce, the ^ — -^ =^ 

angle LGB is equal to the angle EHD ^ 
(Ax. 1). 

Secondly. Since the two adjacent angles EGB and BGU 
are equal to two right angles (Th. ii) ; and since the angle 
EGB has been proved equal to EHD^ it follows that the suin 
of BGH plus GHD, is also equal to two right angles. 

Car, 1. Conversely, if one straight line meets two other 
straight lines, making the angles on the same side equal to 
each other, those lines will be parallel. 

Car, 2. If a line intersect two other lines, making the sum 
of the two inward angles equal to two right angles, those two 
linos will be parallel. 

Car, 3. If a line intersect two other lines, making the suiu 
uf the two inward angles less than two right angles, thoso 
lines will not bo parallel, but will meet if sufficiently produced. 

THEOREM XV. 

AU stratgJa lines which are parallel to the same line^ are parallel 

to each other. 

Let the lines AB and CD be each par- q 

Mdel to EF: then will they be parallel 
10 each other. 



For. let the line GI be drawn pcrpen- C 
dicular to EF: then will it also be per- g- 
pendicular to the parallels AB, CD (TL 
oi Cor.). 



"If 
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Then, since the lines AB and CD are perpendicular to the 
line G/, they will be parallel to each other (Th. xiii. Cor). 

THEOREM XYl. 

If one side of a triangle be produced, the outward angle will bn 
e</ual to the sum of the inward opposite angles. 

In. the triangle j4^C, let the side AB 
be produced to i> : then will the outward y^ ^ 

angle CBD be equal to the sum of the in- 
ward opposite angles A and C. . 

For, conceive the line BE to be drawn 
parallel to the side AC. Then, since BC meets the two (»** 
rallels AC, BE, the alternate angles ACB and CBE will be 
equal (Th. xii). 

And since the line AD cuts the two parallels BE and AC 
the angles EBD and CAB are equal to each other (Th. xiv) 
Therefore, the inward angles C and A, of the triangle ABC 
are equal to the angles CBE and EBD ; and consequently 
the sum of the two angles, A and C, is equal to the outward 
angle CBD (Ax. 1). 

THEOREM XVII. 

In any triangle the sum of the t,hree €tnghs is equal to two righ 

angles. 

Let ABC be any triangle: then wiU 
tho sum of the three angles 

A + B+C=two right angles. 

For, let the side AB be produced to D £ 
Then, the outward angle 

CBD^A+C{T\i, xvi). 
3» 
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To each of these equals add the angle 
CBA, aud we shall have 

CBD-\ CBA=A+C+B, 
But the sum of the two angles CBD 
and CBAy !S equal to two right angles -^ 
(Th. ii): hence 

A+B+C=ziyfo right angles (Ax. 1). 

Cor, 1. If two angles of one triangle be equal to two angles 
of another triangle, the third angles will also be equal (Ax. 3). 

Cor. 2. If one angle of one triangle be equal to one angle 
of another triangle, the sum of the two remaining angles in 
each triangle, will also be equal (Ax. 3). 

Cor, 3. If one angle of a triangle be a right angle, the sum 
of the other two angles wiU bo equal to a right angle ; and 
each angle singly, will be acute. 

Cor, 4. No triangle can have more than one right angle, nor 
more than one obtuse angle ; otherwise, the sum of the three 
angles would exceed two right angles: hence, at least two 
angles of every triangle must be acute. 

THEOREM XVIII. 

I. A perpendicular is the shortest line that can be drcnonfrom 
u given point to a given line. 

II. If any number of lines be drawn from the same pointy those 
^ich arc nearest the perpendicular are less them those which on 
Wiore remote. 

Let ^ be a given point, and DE a 
straight line. Suppose AB to be drawn 
perpend iculai to DE, and suppose the 
'Clique lines AC and AD also to be 
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drawn : Then, AB will be shorter than either of tho oblique 
lines, and AC will be less than AD 

First. Since the an<rle B, in the triangle ACB, is a righ 
angle, the angle O will be acute (Th. xvii. Cor. 8) : and since 
the greater side of every triangle is opposite the greater angle 
(Th. xi), the side AC will be greater than AB. 

Secondly. Since the angle ACB is acute, the adjacent angle 
AOD will be obtuse (Th. ii) : consequently, the angle J) is 
acute (Th. xvii. Cor. 3), and therefore less than the an^Ie 
AOD. And since the greater side of every triangle is oppo- 
site the greater angle, it follows that AD is greater than AO* 

Cor. A perpendicular is the shortest distance from a point 
to aline. 

THEOREM XIX. 

if two right angled triangles have the kypothenuse and a sid^ 
of the one equal to the hypothenuse and a side of the other, the 
remaining parts wiU also be equal, each to each. 

Let the two right angled triangles A D 

ABC and DEF, have the hypothe- 
nuso A C equal to DF, and the side 

AB equal to DE : then Avill tho re- 

maining parts be equal, each to each. " ^ ^ 

For, if the side BC is equal to EF, the corresponding an- 
gles of the two triangles will be equal (Th. viii). If the sides 
are unequal, suppose BC to be the greater, and take a part, 
BG equal to EF, and draw A G. 

Then, in tho two triangles ABG and DEF, the angle B is 
oqual to the angle E, tho side AB to the side DE, and the side 
I^G to the side EF: hence, the two triangles are equal in all 
respects (Th. iv) and consequently, the side AG is equal to 
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DF, Bui DF is equal to -4(7, by hypothesis; therefore^ 
AQ \9^ equal to -4C7 (Ax. 1). But this is impossible (Th. 
xviii) ; hence, the sides BC and EF cannot be unequal ; oon* 
sequently, the triangles are equal (Th« viii). ' 

THEOREM XX 

The sum of the four angles of every quadrilateral ts equal to four 

right angles. 

Let A CBD bo a quadrilateral : then will 
A'^B+C-\-D= four right angles. 

Let the diagonal DC be drawn dividing ^^ j ^B 
the quadrilateral AB, into two triangles, 
BDC, ADC. C 

Then, because the sum of the three angles of each triangle 
is equal to two right angles (Th. xvii), it folbws that the sum 
of the angles of both triangles is equal to four right angles. 
But the sum of the angles of both triangles, make up the angles 
of the quadrilateral. Hence, the sum of the four angles of the 
quadrilateral is equal to four right angles 

Cor. I. If then three of the angles be right angles, the 
fourth angle will also be a right angle 

Cor. 2. If the sum of two of the torn ngles be equal to two 
right angles, the sum of the remaining two will also be equal 
»o two right angles. 

Cor. 3. Since all the angles of a square or rectangle, are 
equal to each other (Def. 48), and thei. sum equal to foui 
right angles, it follows that each angle is equal to one right 
angle. 

THEOREM XXl. 

7^ sum of all the interior angles of any polygon ts equal to 
twice as many right angles, wanting four, as the figure hai 
sids 
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Let ABODE be any polygon: then will 
the sum of its inward angles 

A+B+C+D+E 
be equil to twice as many right angles, 
wanting four, as the figure has sides. 

For, from anj- point P, within the poly- A B 

gon, draw the lines PA, PB, PC, PD, PE, to each of the 
angles, dividing the polygon into as many triangles vs the 
figure has sides. 

Now, the sum of the three angles of each of these triangles 
is equal to two right angles (Th. xvii) : hence, the sum of the 
angles of all the triangles is equal to twice as many right an- 
gles as the figure has sides. 

But the sum of all the angles about the point P is equal to 
four right angles (Th. ii. Cor. 4) ; and since this sum makes 
no part of the inward angles of the polygon, it must be sub- 
tracted from the sum of all the angles of the triangles, before 
found. Hence, the sum of the interior angles of the polygon 
is equal to twice as many nglU angles^ ^oanting four, as the figure 
has sides, 

Sch, This proposition is not applicable 
to polygons which have re-entrant angles. 

The reasoning is limited to polygons 
with salient angles, which may properly 
bo named convex polygons, 

THEOREM ZZII. 

If every side of a polygon be produced out, the sum *if eiSl the otH 
ward angles thereby formed, will be equal to four right angles- 
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Let A, B, C, Dj and E, be the outward 
angles of a polygon formed by producing 
all the sides. Then will 

ft 

A 4-B+ C+D-f jB=four nght angles. 

For, each interior angle, plus its exte- 
rior angle, d^ A+a^ is equal to two right 
•ingles (Th. ii). But there are as many exterior as interioi 
angles, and as many of each as there are sides of the polygon : 
hence, the sum of all the interior and exterior angles will be 
equal to twice as many right angles as the polygon has sides. 

But the sum of all the interior angles together with four right 
angles, is equal to twice as many right angles as the polygon 
has sides (Th. xxi) : that is, equal to the sum of all the in- 
ward and outward angles taken together. ' 

From each of these equal sums take away the inward angles, 
and there will remain, the outward angles equal to four right 
angles (Ax. 3). 

THEOREM XXIII 

Thq opposite sidtis and cmgles of every parallelogram are equals 
each to each : and a diagonal divides the parallelogram into two 
tqual triangles. 

Let ABCD be any parallelogram, and 
DB a diagonal: then will the opposite 
sides and angles be equal to each other, 
each to each, and the diagonal DB will 
divide the parallelogram into two equal 
^iangles. 

For, since the figure is a parallelogram, the sides AB, DC 
are oaralleL bs also the sides AD^ BC. Now, since the 
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parallels are cut by the diagonal DB, the alternate angles will 
be equal (Th. xii) : that is the angle 

ADB=zDBC and BDC=:ABD. 

» 
Hence the two triangles AZ)JS jSZ)C, having two angles in 

the one equal to two angles in the other, will have their thiid 

angles equal (Th. xvii. Cor. 1), viz. the angle A equal to tha 

angle C, and these are two of the opposite angles of tbo 

parallelogram. 

Also, if to the equal angles ADB^ DBC^ we add the equals 
BDC, ABD, the sums will be equal (Ax. 2) : viz. the whole 
angle ADC to the whole angle ABC, and these are the othei 
two opposite angles of the parallelogram. 

Again, since the two triangles ADB, DBC, have the side 
DB common, and the two adjacent angles in the one equal to 
the two adjacent angles in the other, each to each, the two 
triangles will be equal (Th. v) : hence, the diagonal divides 
the parallelogram into two equal triangles. 

Car. 1. If - one angle of a parallelogram be a right angle, 
each of the angles will also be a right angle, and the parallelo- 
gram will be a rectangle. 

Car, 2. Hence, also, the swn of either two adjacent angles 
of a parallelogram, will be equal to two right angles. 



THEOREM ZXIV. 



If the opposite sides of a quadnkUeraly are equals each to eaek, 
the etjual sides mU be parallels and the Jigure will be a pck 
fallelogi 
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Let ABCD be a quadrilateral, having 
its opposite sides respectively equal, viz. 

ABz=zCD and AD=BC 

then will these sides be parallel, and the J~ 
iigiu*o will be a parallelogram. 

For, draw the diagonal ED. Then, the two triangles ABD 
BDC^ have all the sides of the one equal to all the sides of 
the other, each to each : therefore, the two triangles are equal 
(Th. viii) ; hence, the angle ADB^ opposite the side ABy iB 
equal to the angle DEC opposite the side DC ; therefore, the 
sides AZ>, BC, are parallel (Th. xiii). For a like reason DC 
is parallel to AB^ and the figure ABCD is a parallelo^;ram. 

THEOREM XXV. 

If two opposite sides of a quadrilateral are equal and parallel^ 
*he rematmng sides will also be equal and parallel, and the figure 
wiU be a parallelogram. 

Let ABCD be a quadrilateral, having 
the sides AB, CD, equal and parallel: 
then will the figure be a parallelogram. 

For, draw the diagonal DB, dividing 
the quadrilateral into two triangles. Then, 
since AB v& parallel to DC, the alternate angles, ABD and 
BDC are equal (Th. xii) : moreover, the side BD is common; 
hence the two triangles have two sides and the included ang.u 
of the one, equal to two sides and the included angle of the 
other: the triangles are therefore equal, and consequently 
AD is equal Vo BC, and the angle ADB to the angle DBC 
and consequently, JLD is also parallel to BC (Tb xiii 
Tlierefore, the figure ABCD is a parallelogram. 
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THEOREM XXYI. 

Th^ two diagonals (if a parallelogram divide each other into eqtu^ 
parts, or mutually bisect each other. 

Le* A BCD be a parallelogram, ai»d 
A Cf BD it» two diagonal? intersecting at 
E. Then will 

AE=:EC and BE=ED. 

A 

Comparing the two triangles AED and 
BEC, we find the side AD=BC (Th. xxiii), the angle 
ABE = EEC and EAD=zECB : hence, the two trianglus are 
equal (Th. v): therefore, AE, the side opposite ADE, u 
equal to £C, the side opposite EEC; and ED is equal to EB 

Sch. In the case of a rhombus (Def. 48), 
the sides AB, BC being equal, the trian- 
gles AEB and BEC have all the sides of 
the one equal to the corresponding sides 
of the other, and are therefore cqual.il 
Whence it follows that the angles AEB 
and BEC are equal. Therefore, the diagonals of a rbnnbu 
bisoct each other at right angles. 
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1. Tub ciicumference of a circle is a curve line, all the 
points of \9hich are equally distant from a certain point within 
called the centre. 

2. The circle is the space bounded by this curve line. 

3. Every straight line, C-A, CD, CE, drawn S 

ftom the centre to the circumference, is 
called a radius or semidiameter. Every 
line which, like AB, passes through the 
centre and terminates in the circumfe- 
rence, is called a diameter. 

4. Any portion of the circumference, 
as EFGf is called an arc. 

5. A straight lino, as EG, joining the-^ 
extremities of an arc, is called a cliord. 

6 A segment is the surface or portion 
of a circle included between an arc and 
its chord. Thus EFG is a segment. 
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7. A sector is tlie part of the circle in- 
cluded between an arc and the two radii 
diawn through its extremities. Thus, 
CAB is a sector 




8. A straight line is said to be in- 
scribed in a circle, wiien its extremities 
are in the circumference. Thus, the 
line AB is inscribed in a circle. 




9. An inscribed angle is one wliich 
is formed by two chords that intersect 
each other in the circumference. Thus, 
fiAC is an inscribed angle. 




10. An inscribed triangle is one 
which has its three angular points in 
the circumference. Thus, ABC is an 
inscribed triangle. 




11. Any polygon is said to be in- 
scribed in a circle when the vertices of 
all the angles are in the circumference. 
The ciicle is then said to circumscribe 
(he polygon. 
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] 2 A secant is a line which meets the 
circumference in two points, and lies 
^*iartly within and partly without the 
circle. Thus ilB is a secant. i 




13. A tangent is a line which has 
bat one point in common with the cir- . 
comference. Thus, CMB is a tangent. \ 




14. Two circles are said to touch 
each other internally, when one lies 
within the other, and their circumfe- 
rences have but one point in common. 




15. Two circles are said to touch 
each other externally, when one lies 
without the other, and their circumfe- 
rences have but one point in common 
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THBORBM I. 

A diameter is greater than any other chord. 

Let AD be any chord. Draw 
the radii GA, CD to its extremities. 
We shall then have A G+ CD greater 
than AD (Book I. Th. X*). But ^| 
AC+CD is equal to the diameter 
AB : hence, the diameter AB is 
greater than AD. 




THEOREM II. 

If from the centre of a circle a line he drawn to the tmddle of 
a chord J 

I. It will be perpendteular to the chord; 

II. And it win bisect the arc of the chord. 

Let C be the centre of a circle, and 
AB any chord. Draw CD through 
D, the middle point of the chord, and 
produce it to E: then will CD be 
perpendicular to the chord, and the 
arc AE equal to EB, 

First, Draw the two radii CA, CB. 
Then the two triangles A CD^ D GB, 
have the three sides of the one equal to the throe sides of the 




*^ote. When reference if maae from one theorem to another, in the 

•ame Book, the number of tne theorem referred to is alone given * but 

when the theorem referr&l to is found m a preoeding Book, the number of 

the Book is also s *Ten. 

4« 
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other, each to each: viz. AC equal to 
CB, being radii, AD equal to DB, by 
h}'pnthesis, and CD common: hence, 
the corresponding angles are equal 
(Book I. Thu viii) : that is, the angle 
CDA equal to CDB, and the angle 
ACD equal to the angle DCB, 

But, since the angle CDA is equal 
to the angle CDB^ the radius CE is perpendicular to tbe 
chord AB (Bk. I. Def. 20). 

Secondly, Since the angle ACE is equal to BCEj the 
arc AE will be equal to the arc EB, for equal angles must 
have equal measures (Bk. I. Def. 29). 

Hence, the radius drawn through the middle point of a chord, 
is perpendicular to the chord, and bisects the arc of the chord. 

Cor. Hence, a line which bisects a chord at right angles, 
bisects the arc of the chord, and passes through the centre ci 
fhe circle. Also, a line drawn through the centre of the cir- 
cle and perpendicular to the chord, bisects it. 

THEOREM 111. 

If more than ttoo equal lines can be drawn from any point wUmn 
a circle to the circumfetence, that point will be the centre. 

Let D be any point within the circle 
ABC. Then, if the three lines DA, 
DBy and DC, drawn from the point D 
to the circumference, are equal, the 
point D will be the centre. 

For, draw the chords AB, BC, bi- 
sect them at the points E and F, and 
join DE and DF, 
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Then, since the two triangles DAE and DEB have the side 
AE equal to EB^ AD equal to DB, and DE common, tb«y 
Will be eaual in all respects ; and consequently, the angi^ 
DEA is equal to the angle DEB (Bk. I. Th. viii); aivl 
therefore, DE is perpendicular to AB (Bk. I. Def. 20) But 
if DE bisects AB at right angles, it wili pass through (he 
centre of the circle (Tli. ii. Cor). 

In like manner^ it may be shown that DF passes through 
the centre of the circle, and since the centre is found in the 
two lines EDy DF, it will be found at their common inter- 
section D, 

THEOREM IV. 

Any chords which are equally disUuU from the centre of a orefo, 

are eqwd. 

h&iAB and ED be two chords equally 
distant from the centre C : then will the 
two chords AB, ED he equal to each 
other 

Draw CF perpendicular to AB, and 
CG perpendicular to ED, and since these 
perpendiculars measure tlie distances from 
tho centre, they will be equal. Also draw 
CB and CE. 

Then, the two right angled triangles CFB and CEG har 
ing the hypothenuse CB equal to the hypothenuse CE, and 
tho side CF equal to CG, will have the third side BF equal to 
EG (Bk. I Th. xix) But, BF is the half of BA and EG 
the half of DE (Th. ii. Cor) ; hence BA is equal to DE 
(Ax 6). 
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THEOREM v. 

A Une which is perpendicular to a radius at its extreniityj is 

tangent to the circle. 

Lei the line ABD be perpendicular 
(o the radius CB at the extremity B : 
then will it be tangent to the circle at 
the point B. 

For, from any other point of the 
line, as D, draw DFC to the centre, 
cutting the circumference in F. 

Then, because the angle B, of the 
triangle CDB^ is a right angle, the angle at D is acute (Bk 1. 
Th. xvii. Cor. 3), and consequently less than the angle B, 
But the greater side of every triangle is opposite to the greatei 
angle (Bk. I. Th. xi) ; therefore, the side CD is greater than 
CB, or its equal CF, Hence, the point D is without the cir- 
cle, and the same may be shown for every other point of the 
line AD. Consequently, the line ABD has but one point in 
common with the circumference of the circle, and therefore) 
IS tangent to it at the point B (Def. 13) 

Cor. Hence, if a line is tangent to a circle, and a radius be 
drawn through the point of contact, the radius will be perpeo 
diciilar to the tangent. 



THEOREM TI. 

if the distance between the centres of two circles is equal to 
the sum of their roJti. the two circles wiU tmtch each other 
etttemaUy, 



B o o K 1 r . 4S 



Of the Circle. 




Let C and D be the two centres, and 
suppose the distance between them to 
be equal to the sum of the radii, that is, 

to CA^ AD 

The circumferences of the circles 
will ei idently have the point A conunon, and they will hare U3 
other. Because, if they had two points common, that, is if thoy 
cut each other in two points, G and ff, the distance CD be- 
tween their centres would be less than the sum of their radii 
CH, HD (Bk. I. Th. x) ; but this would be contraiy to the 
supposition. 

THEOREM VII. 

Ij the distance between the centres of two circles is equal tc 
Ihe difference of their radii, the two circles wiU touch each otkv 
internally. 

Let C and D be the centres of two 
circles at a distance from each other 
equal to AD—AC^CD, 

Now, it is evident, as in the last theo- 
rem, that the circumferences will have the 
point A common ; and they can have no 
other. For, if thoy had two points common, the difference be« 
tween the radii AD and FC would not be equal to CD, the 
distance between their centres: therefore, they cannot have 
two points in common when the difference of their radii is 
equal to the distance, between their centres : hence, they are 
tangent to each other. 

Sch If two circles touch each other, either externally ox 
internally, their centres and the point of contact will be in thf 
same straight line 




46 



GEOMETRY. 



Of the Oircle. 



THEOREM YIII 




An angU at the circumference of a circle is measured 3y half tit 

are thai subtends it 

Let BA D be an inscribed angle : ihen 
will it be measured by half the arc BED, 
which subtends it. 

For, through the centre C draw the 
diameter ACE, and draw the radii BC, 
CD. 

Then, in the triangle ABC, the exte- 
rior angle BCE is equal to the sum of 
the interior angles B and A (Bk. I. Th. xvi). But sinoe the 
triangle BAC is isosceles, the angles A and B are equal 
(Bk. I. Th. vi) ; therefore, the exterior angle BCE is equal 
to double the angle BA C, 

But, the angle BCE is measured by the arc BE, which 
subtends it; and consequently, the angle BAE, which is hali 
of BCE, is measured by half the arc BE, 

it may be shown, in like manner, that the angle EAD is 
measured by half the arc ED : and hence, by the addition of 
equals, it would follow that, the angle BAD is meararcd by 
half the arc BED, which subtends it. 

Cor. 1. Hence, if an angle at the centre, and an angle it the 
circumference, both stand on the same arc, the angle at the 
ccntie will be double the angle at the circumference. 

Car. 2. If two angles at the circumference stand on equal 
arcH thev will be equal to each other. 
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THEOREM IX. 

AU angles at the circumference^ iMch stand upon the sam$ arc 

are equal to each other, 

I«et the angles BA C, BDC, BFC, have 
thoir vertices in the circumference, and 
stand on the same arc BEC : then will 
they be equal to each other. 

For, each an vie is measured by half 
the arc BEC (Th. viii); hence, the an- 
G^es are all equal. 




THEOREM X. 

An angle m a semicircle, is a right angle. 

Let ABBC be a semicircle : then will 
every angle, as B, B, inscribed in it, be 
a right angle. 

For, each angle is measured by half j 
the somicircumference ADC, that is, by a 
quadiant, which measures a right angle 
fBk I. Th. i. Cor. 2). 




THEOREM ZI. 

If a quadrtlateral be inscribed in a circle, the sum of either two 
of its opposite angles is equal to ttvo right angles. 

Let ABCD be any quadrilateral in- 
scribed in a circle ; then will the sum of 
the two opposite angles, A and C, or B 
and D, be equal to two right angles. 

For, the angle A is measured by half ^^ 
the arc DCB^ which swbtends it (Th. viii) ; 
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and the angle C is measured by half the 

arc DAB^ which subtends it. Hence, 

ihd sum of the two angles, A and C. is 

moaBured by half the entire circumference. 

But half the entire circumference is the 

measure of two right angles; therefore, 

the sum of the opposite angles A and C is equal to two right 

angles. 

In like manner, it may be shown, that the sum of the 
wo angles B and D is equal to two right angles 




THEOREM XII 

if the side of a quadrilateral^ inscribed in a cireU^ he pnh 
duced out, the exterior angle will he equal to the inward oppasUi 
angle 

Let the side BA, of the quadrilateral 
aBCD be produced to E, then will the 
outward angle DAE be equal to the in- 




ward opposite angle C. 

E 

For, the an^le DAB plus the angle C, 

IS equal to two right angles (Th. xi). But 
DAB plus DAE is also equal to two right angles (Bk. I. Th. ii). 
Taking from each the common angle DAB^ and we shall have 
tiie angle DAE equal to the interior opposite angle C 



TIfEOREM XIII. 

Two parallel chords intercept equal ares. 
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Let the chords AB and CD be parallel: 
tbcn will the arcs A C and BD be equal 

Fof; draw the line AD, Then, because 
(Ilo lines AB and CD are paiallel, the 
altemate angles ADC and DAB will be 
equal (Bk. I. Th. xii). But the angle 
ADC is measured by half the arc AC, 
and the angle DAB by half the arc BD (Th. viii) : hence 
the two arcs A C and BD are themselves equal. 




THEOREM ZIV. 

The angle formed by a tangent and a chords is measured by half 

the arc of the chord. 

I/et BAE be tangent to the circle at tho 
point An and AC any chord. 

From Af the point of contact, draw the 
diameter AD. 

Then, the angle BAD will be a right 
angle (Th. v. Cor), and therefore will be 
measured by half the semicircle AMD B 
(Bk. I, Th. i. Cor. 2). 

But the angle DAC being at the circumference, is measured 
by half the arc DC: hence, by the addition of equals, tho two 
^angles BAD and DAC, or the entire angle ^AC will be meas- 
vcd by half the arc AMDC. 

It may b^ shown, by taking the difference between the two 
angles DAE and DA C, that the angle CAE is measured by 
balf the arc AC included between its sides. 

5 
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THEOREM XV. 

If a tangent and a chord are parallel to each other j they will 

intercept equal arcs. 

Let the tangent ABC be parallel to the 
chord DF: then will the intercepted arcs 
D5, BF^ be equal to each other. 

For, draw the chord DB. Then, since 
AC and DF are parallel, the angle ABD 
will be equal to the angle BDF, But 
ABD being formed by a tangent and a 
chord, will be measured by half the arc 
DB ; and BDF being an angle at the circumference will be 
measured by half the arc BF (Th. viii). But since the angles 
are equal, the arcs will be equal : hence DB is equal to BF. 

THEOREM XVI 

The angle formed within a circle by the intersection of two 
chords, is measured by half the sum of the intercepted arcs^ 

Let the two chords AB and CD inter- 
sect each other at the point E : then will 
the angle AEC, or its equal DEB, be 
measured by half the sum of the inter- 
cepted arcs AC, DB, 

For, draw the chord AF parallel to 
CD. Then because of the parallels, the 
angle DEB will be equal to the angle FAB (Bk L Th. xiv), 
and the arc FD to the arc AC. But the angle FAB is meas* 
ured by half the arc FDB, that is, by half the sum' of the arcs 
FD, DB. Now, since FD is equal to AC, it follows tlial the 
angle DEB, or its equal AEC, will be measured by half the 
Slim of the arcs DB and A C 
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THEOREM ZVII. 

7^ angle formed without a circle by the interseetum cf 
two secants ts measured by half the difference of the intcreefted 

arcs. 

Let the iwo secants DE and EB inter- 
sect each other at E : then will the angle 
DEB be measured by half the intercepted 
arcs CA and DB. 

Draw the chord AF parallel to ED, L^ 
Then, because AF and ED are parallel, 
and EB cuts them, the angles FAB and 
and DEB are equal (Bk. I. Th. xiv). 

But the angle FAB, at the circumference, is measured by 
half the arc FB (Th. viii), which is the diflerence of the arcs 
DFB and CA : hence, the equal angle E is also measured by 
balf the difference of the intercepted arcs DFB and CA 




THEOREM XVIII. 

An angle formed by two tangents is measured by half the 

difference of the intercepted arcs. 

Let CD and DA be two tangents to 
the circle at the points C and A : then 
will the angle CDA be measured by half 
the difference of the intercepted arcs CEA 
and CFA. 

For, draw the chord AF parallel to the 
tangent CD, Then, because the lines 
CD and AF are parallel, the angle BAF 
will be equal to the angle BDC (Bk. I. Tlu xiv). But the 
angfle BAF^ formed by a tangent and a chord, is measured by 
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half tho aic AF^ that is, by half the 
difference of CFA and CF. 

But since the tangent DC and the 
chord ^F are parallel, the arc CF is 
equal to the arc CA: hence the angle 
BAF, or its equal BDC^ which is meas-/ 
ured by half the difference of CFA and 
CjP, is also measured by half the differ- 
ence of the intercepted arcs CFA and CA. 




Ccr. In like manner it may be proved 
that the angle E, formed by a tangent and 
secant, is measured by half the difference 
of tho intercepted arcs AC and DBA. 




THEOREM XIX 

The chord of an arc of sixty degrees is eqtial to the radius of 

the circle, 

^ et AEB be an arc of sixty degrees 
and il B its chord : then will AB be equal 
to the radius of the circle. 

For, draw the radii CB and CA. 
Then, since the angle ACB is at the 
centre, it will be measured by the arc 
AEB: that is, it will be equal to sixty 
degrees (Bk. I. Def. 29). 

Again, since the sum of the three angles of a triangle is 
equal to one hundred and eighty degrees (Bk. I. Th. xidi), it 
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foUows that the sum of the two angles A and B will be equ&l 
to one hundred and twenty degrees. But the triangle CAB 
is isosceles : hence, the angles at the base are equal (Bk. I. 
Ph. vi) : hence, each angle is equal to sixty degxees, and 
consequently, the side ^4^ is equal to ^ C or CB (Bk. I. Th. ▼!)« 



PROBLEMS 



RBLATINO TO THE FIRST AND 8BC0ND BOOKS. 



Thb Problems of Geometry explain the methods of con 
structmg or describing the geometrical figures. 

For these constructions, a straight ruler and the common 
compasses or dividers, are all the instruments that are ab- 
solutely necessary. 

DIVIDERS OR COMPASSES. 




The dividers consist of the two legs 5a, 5e, which turn 

easily about a common joint at h. The legs of the dividers 

5* 
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are extended or brought together by placing the foiefinger on 
the joint at 6, and pressing the thumb and fingers againi^t ibe 
logs 

PROBLEM 1. 

On any line, as CD, to lay off a distance equal to AB, 

Take up the dividers with the 
rhumb and second finger, and place 

the forefinger on the joint at b. A B 

Then, set one foot of the dividers ^ 

y £ J) 

at A, and extend the legs with the ' ' 

thumb and fingers, until the other 
foot reaches B. 

Then, raise the dividers, place one foot at C, and mark 
with the other the distance CE : and this distance wil! evi- 
dently be equal to AB, 

PROBLEM II. 

To describe from a gtven centre the circumference of a dnk 

having a given radius. 

Let C be the given centre, and 
CB the given radius. 

Place one foot of the dividers at 
C and extend the other leg until it 
reaches to B. Then, turn the di- 
viders around the leg at C, and the 
othei leg will describe the required 
circiunference 
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A ruler of a convenient size, is about twenty inches in 
length, two inches wide, and one fifth of an inch in thickness. 
It should be made of a hard material, and perfectly straight 

and smooth. 

< 

PROBLEM III. 

To draw a straight line through two given points A and B, 

Place one edge of the ruler on 
A and slide the ruler around until 
he same edge falls on B. Then, . 

with a pen, or pencil, draw the 
ine AB, 



Jy' 



PROBLEM IV. 

To bisect a given line: that is, to divide it into two equal parts. 

Let ABhe the given line to be 
di\ided. With A as a centre, and 
radius greater than half of AB, 
describe an arc IFE. Then, with 
B as a centre, and an equal radius 
BI describe the arc IHE, Join 
the points / and E by the line IE . 
the point Z>, where it intersects 
AB^ will be the middle point of the 
\meAB. 
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jy 
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For, draw the radii AI, AE 
BIf and BE. Then, since these 
radii are equal, the triangles AIE 
and BIE have all the sides of the 
' >iie equal to the corresponding sides 
of the other ; hence, their corres 
ponding angles are equal (Bk. I. 
Th. viii) ; that is, the angle AIE is equal to the angle BfE 
Therefore, the two triangles AID and BID^ have the side 
AI=iIB^ the angle AID=BID, and ID common: honcci 
thov are equal (Bk. I. Th. iv), and AD is equal to Dfi. 

PROBLEM y. 
To bisect a given angle or a gwen are. 

Let ACB be the given angle, 
and AEB the given arc. 

From the points A and B^ as 
centres, describe with the same 
radius two arcs cutting each other 
in D. Through D and the centre 
C, draw CED^ and it will divide 
the angle ACB into two equal parts, and also bisect iho arc 
AEB at E. 

For, draw the radii AD and BD, Then, in the two triangles 
ACD, CBDy we have 

AC=CB, ADz=BD 

and CD common : hence, the two triangles have their cormt- 
ponding angles equal (Bk I. Th. viii), and consequently, A CD 
is equal to BCD, But since ACD is equal to BCD^ it fol 
lows that the arc AE, which measures the former, is equal tc 
the arc BE, which measures the latter 
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PROBLEM Tl. 

At a giwn pomt m a stratgkt line to erect a perpendicular to thi 

line. 

Let A be the given point, and BC 
the given line. 

From A lay off any two distances, 

AB and AC^ equal to each other 

Then, from the points B and C, as 

centres, with a radius greater than 

AB, describe two arcs intersecting each other at D ; draw 

DA, and it will be the perpendicular required. 

For, draw the equal radii BD, DC. Then, the two trian- 
gles, BDA, and CDA, will have 

AB=AC BD=DC 

and AD common : hence, the angle DAB is equal to the angle 
DA C (Bk. I. Th. viii), and consequently, DA is perpendicu- 
lar to ^C. (Bk. I Def. 21). 




SECOND METHOD. 

WAen the pomt A is near the extremity of the line. 

Assume any centre, as P, out of 
the gi%'en line. Then with P as a 
centre, and radius from P to ^, de- 
scribe the circumference of a circle . 
Through C, where the circumference 
cuts BA, draw CPD, Then, through 
D where CP produced meets tne 
circumference, draw DA : then will 

DA be perpendicular to BA, since CAD is an angle in a 
demicircle (Bk. II. Th. x). 
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PROBLEM VII. 

Frjm a given point without a straight line to let fall a perpen 

dieular on the line. 

Lot A be the given point, and BD 
the given line 

From the point i4 as a centre, with 
a radius greater than the shortest 
distance to BD, describe an arc cut- 
ting BD in the points B and D, 
Then, with B and D as centres, and 
the same radius, describe two arcs intersecting each other at 
E. Draw AFEy and it will be the perpendicular required. 

For, draw the equal radii AB^ AD, BE and D£ Then, 
the two triangles EAB and EAD will have the sides of the 
one equal to the sides of the other, each to each ; hence, their 
corresponding angles will be equal (Bk. I. Th. viii), viz. the 
angle BAE to the angle DAE, Hence, the two triangles 
BAF and DAF will have two sides and the included angle o( 
the one, equal to two sides and the included angle of the other, 
and therefore, the angle AFB will be equal to the angle 
AFD (Bk. I. Th. iv): hence, AFE will be perpendicidat 
to BD. 

SECOND METHOD 

Wlien the given point A is nearly 
opposite the extremity of the line. 

Draw i4 C, to any point C of the 
line BD. Bisect ^ C at P. Then, 
with P as a centre and PC as a ra- 
dius, describe the semicircle CD A ; 
draw AD, and it will be perpendicular 
to CD. since CD A is an angle in a semicircle (Bk. II. Th. x\ 
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PROBLEM VIII. 

At a given point in a given line, to make an angle equal to t 

given angle 

Let A be the given point, AE 
the given line, and IKL the given 
angle. _ 

From the vertex K, aa b, centre, ■**^ ^ a ^ 

with any radius, describe the arc IL, terminating in the two 
sides of the angle : and draw the chord IL. 

From the point A, as a centre, with a distance AE, equal 
to KI, describe the arc DE ; then with £, as a centre, and a 
radius equal to the chord IL, describe an arc cutting DE at 
D; draw AD, and the angle EAD will be equal to the 
angle K. 

For, draw the chord DE. Then the two triangles IKL 
and EAD, having the three sides of the one equal to the three 
sides of the other, each to each, the angle EAD will be equal 
to the angle K (Bk. I. Th. viii). 

PROBLEM IX. 

Through a given point to draw a line that shall be parallel to a 

given line. 

Let A be the given point and 
EC the given line. 

With ^ as a centre, and any ra- 
dius greater than the shortest dis- 
tance from A to BC, describe the indefinite arc DE. From 
the point £, as a centre, with the same radius, describe the 
arc AF: then, make ED equa to AF and draw AD, and it 
wiD bf» the required parallel. 
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For, since the arcs AF and ED 
are equal, the angles BAD and 
AEF, which they measure, are 
equal : hence, the line AD is 
paraUcl to BC (Bk 1. Th xiii) 



PROBLEM X. 

Two angles of a triangle being given ot known, to find th^ third 

Draw the indefinite line 
DEF, 

At any point, as E, make 
the angle DEC equal to one 
of the given angles, and then CEH equal to a second, by 
Prob. VIII ; then will the angle HEF be equal to the third 
angle of the triangle. 

For, the sum of the three angles of a triangle is equal to 
two right angles (Bk. I. Th. xvii) ; and the sum of the three 
angles on the same side of the line DE it< equal to two right 
angles (Bk. I. Th. ii. Cor. 2); hence, if DEC and CEH are 
equal to two of the angles^ the angle HEF will be equal to the 
remaining angle of the triangle 

moBLEM XI. 

Three sides of a triangle being given, to describe the triangh 

fjet A, A and (7, be the given 
fides. 

Draw DE, and make it equal to 
the side A, From the point D, as 
a centre, with a radius equal to the -^ 
8«vcond side B. describe an arc * o 
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from £ as a centre, with the third side C, describe another arc 

« 

intersecting the former in F: draw DF and FE: then will 
VEF be the required triangle 

For, the three sides are respectively equal to the throe tines 
Ai B and C. 




i^ 




PROBLEM XII. 

Tike adjacent sides of a parallelogram^ wun the angle wheh they 
contain, being s^ven. to describe the wiraJleic^am 

« 

Let A and j8 be the given sides 
and C the given angle. 

Draw the line D^ and make it 
eqnal to A. At the point D make 
the angle ^i>i^ equal to the angle 
G. Make the side DF equal to B, Then describe two arcs, 
one from jP as a centre, with a radius FG equal to DE, tht 
other from ^, as a centre, with a radius FJO equal to DF, 
Through the point G, the point of intersection, draw the lines 
EG and FG, and DEGF will be the required parallelogram. 

For, in the quadrilateral DFGE, the opposite sides DE 
and FG are each equal to A: the opposite sides DF and 
EG arc each equal to B, and the angle EDF is eqaa. 
to C. But, since the opposite sides are equal, they are 
also parallel (Bk. I. Th. xxiv), and therefore the figure is a 
arallelogram 



PROBLEM XIII. 

To describe a square on a given line. 
6 
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Let ABhe the given line. 

A* the point B draw BC perpendicu- 
lar to AB, by Problem VI, and then 
make it equal to AB. 

Then, with ^ as a centre, and ra- 
dius equal to AB, describe an arc; and 
with C as a centre, and the same 
radius ^^, describe another arc; and through Z), their point 
of intersection, draw AD and CD: then will ABCD be the 
required square. 

For, since the opposite sides are equal, the figure wiU be a 
parallelogram (Bk. I. Th. xxiv) : and since one of the angleo 
is a right angle, the others will also be right angles (Bk. L 
Th. xxiii. Cor. 1) ; and since the sides are all equal, the figure 
will be a square. 



PROBLEM XIV. 



To construct a rhombus, having given tlie length of one of tht 

equal sides, and one of the angles. 



'"^J>, 



Let AB be equal to the given side, 
and E the given angle. 

At B lay off an angle, ABC, equal 
to E, by Prob. VIIL and make BC 
equal to AB. Then, with A and C 
OS centres, and a radius equal to AB, 
lescribe two arcs. Through D, their point of intersection, 
draw the lines AD, CD : then will ABCD be the required 
rhombus. 

For, since the opposite sides are equal, they will be parallel 
(Bk. 1. Th. xxiv). But they are each equal to AB^ and the 
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angle B is equal to the angle E: hence, ABCD is the re> 
qnired rhombus. 



PROBLEM XT. 

To find the centre of a circle 

i)raw any chord, as AB, and bisect it 
by Problem IV. Then, through F, the 
middle point, draw DCE, perpendicular 
to AB, by Problem VI. Then. DCE 
will be a diameter of the circle (Bk. 11. 
Th ii. Cor.). Then bisect DE at C, 
and C will be the centre of the circle. 




PROBLEM XVI. 

To describe the circumference of a circle through three given 
points not in tJie same straight line. 

Let A, B^ C, be the given points. 

Join these points by the straight 
lines ^C AB, BC. 

Then, bisect any two of these 
straight lines, as AB, BC, by the ' 
perpendiculars OD, OP (Prob. iv) ; 
and the point O, where these per- 
pendiculars intersect each other, 
will be the centre of the circle. 

Then with O as a centre, and a radius equal to OA, de- 
scribe the circumference of a circle, and it will pass through 
the points A, B, and C 

For, the two right angled triangles OAP and OBP have the 
side AP equal to the side BP, OP common, and the included 
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angles OPA and OPB equal, being 
right angles ; hence, the aide OB is 
eqoal to OA (Bk. I. Th. iv). 

In like manner it m&j be ahown 
that 00 is eqnal to OB. Hence, a 
circumference deaoribed with the 
radins OA, will paaa through the 
points £ and C 

Seh. This problem enables us to deacribe the circumferenot 
of a circle about a given trinngls. For, we may conwder the 
vertices of the three angles as the three points through which 
the circumference is to pass. 



PROBLBM xm. 

Through a given point in the eireun^erenet vf a cireU, to drau 
a tartffenl Hm to Ike eirele. 



Let i4 be ihe given point 

Through A, draw the radius AC to the 
centre, and then draw DAE perpendicu- 
lar to ^C, by Problem VI. Then will 
Dae be tangent to the circle at the point 
A (Bk. II. Th. v) 




TkTvtgh a given point ivithoul the areumferenee, to t 
tangent line to (Ac etrde. 
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Let C be the centre of the circle, and 
A the given point witliout the circle. 

Join A and the centre C, and on ^ C 
as a diameter, describe a circumference. 
Through the points B and D where 
the two circumferences intersect each 
other, draw the lines AB and AD: 
these lines will be tangent to the circle 
^hose centre is C. 

For, since the angles ABC and 
ADC are each inscribed in a semicircle, they will be ri^ht 
angles (Bk. II. Th. x). Again, since the lines AB, AD. 
are each perpendicular to a radius at its extremity, they will 
be tangent to the circle (Bk. II. Th. v). 




^ PROBLEM XIX 

To inscribe a circle in a given tnangte. 

Let ABC he the given tri- 
angle. 

Bisect the angles A and B 
by the lines -40 and BO, meet- 
ing at the point O. From O, 
let fall the perpendiculars OD, 
OE, OF, on the three sides of 
tbe triangle — these perpendiculars will be equal to each other. 

For, in the two right angled triangles DA O and FA O, we 

ha^e the right angle D equal the right angle F, the angle FAO 

equal to DAO, and consequently, the third angles AOD and 

AOF are equal (Bk. I. Th xvii. Cor I) But the two 

triangles havb a common side AO, hence, they are equal 

(Bk. L Th v), and consequently, OD is equal to OF 

6» 
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In a similar manner, it may 
be proved that OE and OD are 
equal, hence, the three per- 
pendiculars, OD, OF, and OE, 
are all equal. 

Now, if with O as a centre, 
and OF as a radius, we describe 

the circumference of a circle, it will pass through the pointfi 
D and E. and since the sides of the triangle are perpendiculai 
to the radii OF, OD, OE, they will be tangent to the circum- 
forence (Bk. II. Th. v). Hence, the circle will bo inscribed 
in the triangle. 





PROBLEM XX. 

To inscribe an equilateral trumgle^tn a curoie. 

Through the centre C draw any diam- 
eter, as ACB, From J9 as a centre, with 
a radius equal to ^C, describe the arc 
DOE, Then, draw AD, AE, and DE, 
and DAE will be the required triangle. 

For, since the chords BD, BE, are 
oach equal to the radius CB, the arcs BD, BE, are each equal 
to sixty degrees (Bk. II. Th. xix), and the arc DBE to one 
hundred and twenty degrees ; hence, the angle DAE is equal 
to sixty degrees (Bk. II. Th. viii). 

Again, since the arc BD is equal to sixty degrees, and the 
arc BDA equal to one hundred and eighty degrees, it follows 
that DA will be equal tOw one hundred and twenty degrees : 
hence, the angle DEA is equal to sixty degrees, and conse- 
quently, the third angle ADE, is equal to sixty degrees 
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Therefore, the triangle ADE is equilateral (Bk. I. TL vl 
Cox. 2). 




PBOBLBM XXI. 

To inscribe a regular hexagon in a drcU, 

Draw any radius, as AC. Then ap- 
ply the radius A C around the circum- 
ference, and it will give the chords AD, 
DjB, EF, FG, GH, and HA, which will 
be the sides of the regular hexagon. For, 
the side of a hexagon is equal to the radius (Bk. II. Th. xix). 

PROBLEM XXII. 

To inscribe a square m a given circle. 

Let ABCD be the given circle. 
Draw the two diameters AC, BD, at 
nght angles to each other, and through 
the points A, B, C and D draw the 
lines AB, BC, CD, and DA: then 
will ABCD be the required square. 

For, the four right angled triangles, 
AOB, BOC, COD, and DOA are 
equal, since the sides AG, 0B-, DC, and CD are equal, being 
radii of the circle ; and the angles at O are equal in each, 
being right angles : hence, the sides AB, BC, CD, and DA 
are equal (Bk. I. Th. iv). 

But each of the angles ABC, BCD, CDA, DAB, is a right 
angle, being an angle in a semicircle (Bk. II. Th x) : hcncoy 
the figiire ABCD is a square (Bk. I. Dcf 48) 
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Sch, If we bisect the arcs AB, 
BCy CD, DA, and join the poinis, 
we shall have a regular octagon in- 
scribed in the circle. If we again 
bitfect the arcs, and join the points of 
bisection, we shall have a regular 
polygon of sixteen sides. 




PROBLEM XXIII. 

To describe a square about a given circle, 

r^raw the diameters AB, DE, at 
right angles to each other. Through 
the extremities A and B draw FAG 
and HBI parallel to D£, and through 
E and A draw FEH and GDI par- 
allel to AB : then will FGIH be the 
required square. 

For, since ACDG is a parallelogram, the opposite sides are 
equal (Bk. I. Th. xxiii): and since the angle at C is a right angle 
all the other angles are right angles (Bk. I. Th. xxiii. Cor. 1): 
and as the same may be proved of each of the figures C/, CH 
and CF, it follows that all the angles, F, G, /, and H, are 
right angles, and that the sides GI, IH, HF^ and FGy ar6 
equal, each being equal to the diameter of the circke. Hence 
the figure GIHF is a square (Bk L Def. 48). 
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DBriNITIOMB. 

1. Ratio is the quotient arising from dividing one quantftj^ 
by another quantity of the same kind. Thus, if the numbers 
3 and 6 have the same unit, the ratio of 3 to 6 will be 
expressed by 

3 

And in general, if A and B represent quantities of the same 
kind, the ratio of ^ to ^ will be expressed by 

B 

A 

2. If there be four numbers, 2, 4, », 16, having such values 

that the second divided by the first is equal to the fourth di- 
vided by the third, the numbers are said to be in proportion. 
And in general, if there be foui quantities A^ B, C, and D 
having such values that 

B D 

a'^c' 

then, A is said to have the same ratto to B, that C has to D, 
or, the ratio of ^ to J9 is equal to the ratio of C to 2) ^\lien 
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four quantities have this relation to each other, they are said to 
be in proportion. Hence, the proportion of'fonr qaan titles 
results from an equality of their ratios taken two and two • 

To express that the ratio of ^ to j9 is equal to the ratio 
of to Df we write the quantities thus : 

A : B :: C : D: 

and read, ^ is to i?, as G to D. 

The quantities which are compared together are called tne 
terms of the proportion. The first and last terms are called 
the extremes, and the second and third terms, the means. 
Thus, A and D are the extremes, and B and O the means. 

3. Of four proportional quantities, the first and third are 
called the antecedents, and the second and fourth the conse" 
quents ; and the last is said to be a fourth proportional to the 
other three taken in order. Thus, in the last proportion, A 
and C are the antecedents, and B and D the consequents. 

4. Three quantities are in proportion when the first has the 
same ratio to the second, that the second has to the third ; 
and then the middle term is said to be a mean proportional 
between the two other. For example, 

3 : 6 :: 6 : 12 ; 

and 6 is a mean proportional between 3 and 12. 

5. Quantities are said to be in proportion by inversion, of 
inversely^ when the consequents are made the antecedents and 
the antecedents the consequents. 

Thus, if we have the proportion 

3 : 6 :: 8 : 16. 

tho inverse proportion would be 

6 : 3 :: 16 : 8. 
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6. Qoantitios are said to be in proportion by allemahon^ oi 
aUemaielfff when antecedent is compared with autec edent and 
consequent with consequent 

Tbus, if we have the proportion 

3 : 6 : : 8 • 16, 
the alternate proportion would be 

3 : 8 : : 6 : 16. 

7. Quantities are said to be in proportion by etrniposUion^ 
when the sum of the antecedent and consequent is compared 
cither with antecedent or consequent. 

Thus, if we have the proportion 

2 : 4 : : 8 : 16, 
the proportion by composition would be 

2+4 : 4 :: 8+16 : 16; 
that is, 6 : 4 : : 24 : 16. 

8. Quantities are said to be in proportion by divisum^ when 
the difference of the antecedent and consequent is compared 
either with the antecedent or consequent. 

Thus, if we have the proportion 

3 : 9 : : 12 : 36, 
the proportion by division will be 

9-3 : 9 :: 36—12 : 36; 

that is, 6 : 9 : : 24 : 36. 

9. E(iuimultiples of two or more quantities are the products 
which arise from multiplying the quantities by the same 
number. 

Thus, if w^ b^ve any two numbers, as 6 and 5 and multiply 
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them both by any number, as 9, the equimultiples will be M 
and 45 ; for - 

6x9=54 and 5x9=45. 
Also, mxA and m x £ are equimultiples of A and B, tlio 
common multiplier being m. 

10. Two variable quantities, A and B, are said to be r^ 
dprocally proportional^ or inversely proportional^ when one 
increases in the same ratio as the other diminishes. When 
this relation exists, either of them is equal to a constant 
quantity divided by the other. 

Thus, if we had any two numbers, as 2 and 4, so related 
to each other that if we divided one by any number we must 
multiply the other by the same number, one would increase 
in the same ratio as the other would diminish, and their 
product would not be changed. 

THEOREM I. 

/f four quantities are tn proportion, the product of the two ex- 
tremes will be equal to the product of the two means 

If we have the proportion 

A : B :: C I D 

we have, by Def. 2, 

B_D 

A" C 
ind by clearing the equation of fractions, we have 

BC=zAD 

8ck The general principle is venfied in the proportioo 
between the numbers 

2 : 10 : : 12 : 60 

which gives 

2x60=10x12 = 120 
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TUEOREM II. 

If four quantities are so related to each others that the product 
(ff twe of them is equal to the product of the other two ; thtn 
two of them may be made the means, ami the other two the 
cttrcmes of a proportion. 

Let Af B, C, and D, have such values that 

BxC=AxD 
Divido both sides of the equation by A and we ha\'o 

A 
Then divide both sides of the last equation by C, and w€ 
have 

B_D 
A^C 
hence, by Dcf. 2, we have 

A : B :: C I D. 

Sch, The general truth may be verified by the numbers 

2x18=9x4 
wrhich give 

2 : 4 : : 9 18 

THEOREM III. 

y three quantities are in proportion^ the product of the two 
extremes will be equal to the square cf the middle term. 

Let tis suppose that we have 

A \ B .1 B I C 
Then, by Def. 2, we have 

B_C 
A'^ B 

and by clearing the equation of its fractions, we hav9 

7 
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Sch. The proposition may be verified by the numbers 

3 : 6 :: 6 : 12 
which give 

3x12=6x6=36 

THEOREM IV. 

Ij fottr quantities are in proportion, they tmU be tfi proportum 

when taken alternately. 

Let A : B : : C : D 

Then, by Def. 2, we have 

B_D 
A'^C 

Q 

Multiplying both members of this equation by -^^ we have 

C_D 

and consequently, 

A : C : : B : D, 

Seh. The theorem may be verified by the proportion 

10 : 15 : : 20 : 30 
for, we have, by ahemation, 

10 : 20 : : 15 : 30. 

THEOREM V. 

[f thete be two sets of proportions, having an antecedent and 
a amsequent in the one, equal to an antecedent and a consequent 
in the other; then, the remaining terms wHl be proportional. 

If we have 
A : B : . C A and A : 5 : E : F; 
then we shall have 
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BD B_F 

Hence, by Ax. 1 we have 

DF 

vjd consequently, 

C : D :: E : F 

Seh. The proposition may bo verified by the following 

proportions, 

2 : 6 : : 8 : 24 and 2 : 6 : : 10 : 30 

which give 

8 • 24 : . 10 : 30. 

THEOREM YI. 

Iffijur quantities are in proportion^ they wiU be in propmiton 

when taken inversely. 

If we have the proportion 

A : B :: C : D 

we have, by Th. I, 

AxDz=iBxC, 

or BxC=zAxD, 

Hence, we have, by Th. II, 

B : A : : D : C. 

Sch. The proposition may be verified by the proportion % 

7 : 14 : : 8 : 16; 
which, when taken inversely, gives 

14 : 7 : : 16 : 8. 

THEOREM YII. 

if four i^Hantiiies are in proportion, they wiil be in proportum oy 

composition. 
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Let us suppose that we hiwe 

A . B : : C : D 
we sh&L then have 

AxD-BxC. 
To each of those equals, add BxD, and we have 

{A+B)xD=::{C+D)xB; 
and by separating the factors by Th. II, we have 
A-^B : B :: C-^D : D. 

Sch. The proposition may be verified by the following 
proportion, 

9 : 27 : : 16 : 48. 
We shall have, by composition, 

9+27 : 27 : : 16+48 : 48, 
that is, 36 : 27 : : 64 : 48 

in which the ratio is three fourths. 

THEOREM VIII. 

! 

If four quantities are inptopurtion, they toiU be M proportion tnf 

division. 

Lot us suppose that we have 

A : B :: C : D, 
we bhall then have 

AxD-BxC. 
^ From each of these equals let us subtract BxD, and we 
have 

{A-'B)xDr={C-D)xB; 
Old by separating the factors by I'h. II, we have, 
A—B : B : : C—D : D. 

Sch The proposition may be verified by the proportion, 
24 • 8 : : 48 : 16 
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W6 have, by division, 

24—8 : 8 : : 48-16 : 16; 
that ig, 16 : 8 :: 32 : IG) 

in which the ratio is one-half. 

THEOREM IX. 

Egtud multiples of two quarUitUs have the same ratio as the 

quantities themselves. 

11 wo have the proportion 

A : B ' : C : D 
we shall have 

B_D 

Now, let M be any number, and by it multiply the nu- 
merator and denominator of the first member of the equation 
which Mrill not change its value : we shall then ha\ e 

MxB D 
MxA^ C 
and her.ce we have 

MxA : MxB : : C : D, 
that is, the equal multiples MxA and MxB, have the same 
ratio as A to B. 

Sch The proposition may be verified by the proportion, 

5 : 10 : : 12 • 24 ; 

far, b)' inultipl3ring the first antecedent and consequent by any 
number, as 6, we have 

30 : 60 : : 12 : 24, 
V 4rhich the ratio is still 2. 
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THEOREM X. 

I j four quantities are proportional, and one antecedent and tts 
amsequiht be augmented by quantities which have the same ratio 
tff the antecedent and consequent, the four quantities will still he 
in proportion 

Lot us take the proportions 

A : B : : C : D, md A i B : : E : F, 
which give 

AxD=BxC and AxF=BxE; 

adding these equals we have 

Ax{D+F)=zBx(C+E); 
and by Th. II, we have 

A : B : : C+£ : D+F 
in which the antecedent C and its consequent D, are augment* 
ed by the quantities E and F, which have the same ratio. 

Sch. The proposition may be verified by the proportion, 

9 : 18 : : 20 : 40, 
in which the ratio is 2. 

If we augment the antecedent and its consequent bv 15 and 
30« which have the ^ame ratio, we have 

9 : 18 : : 20+15 z 404 30 



tliat is, 9 : 18 : :' 35 • 70, 

in which the ratio is still 2. 



THEOREM XI. 



If four quantities are proportional , and one antecedent and tts 
consequent be diminished by quantities which have the same atit 
as the antecedent and consequent, the four qtumtities will stui b« 
in proportion 
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Ij6t US take tho proportions 
>l : J? : : C : D, and A i . B i i E i F, 
which give 

AxD=^BxC and AxF^BxE. 
By subtracting these equalities, wo have 

Ax(P-F)=Bx(C-£;; 
aad by Th. II, we obtain 

A I B i: C-^E : D—F, 
m which the antecedent and consequent, C and P, are dimin- 
ished by E and f\ which have the same ratio 

Sch* The proposition may be verified by tlie proportion, 

9 : 18 : : 20 : 40, 
for, by diminishing the antecedent and consequent by 15 and 
30, we have 

9 : 18 :: 20-15 : 40—30; 

that is 9 : 18 : : 5 : 10 

m which the ratio is still 2. 



TUEOREM XII. 

If we have several sets of proportions ^ having the same rafio^ 
a»iy antecedent tmU he to its consequent, as the sum of the aeUO' 
cedents to the swn of the consequents. 

If we have the several proportions, 

: D which gives AxD:=zBxC 
: F which gives A X F=iB x E 
: H which gives AxH^BxO 

Wo shall then have, by addition, 

ilx(Z>+F+i/)=Bx(C.r£+G); 
wd consequently, by Th II. 

A I B :i C-\^E^G : DA-FA-H. 



A ; 


\ B :. C 


A \ 


I B :: E 


A \ 


\ B ' : G 
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SrM. The proposition may be verified by the foIlowiTig 
proportions : viz. 
2 • 4 : : G : 12 and 1 : 2 : : 3 : 6 

Then, 2:4:: 6+3 : 124-6; 
that is, 2 : 4 : • 9 : 18, 

in which the ratio is still 2. 

THEOREM XIII. 

If four quantities are in proportion, their squares 7r cubes will 

also be proportional. 

Tf we have the proportion 

A : B : : C : Dj 

it gives 

B_D 

Then, if we square both members, we have 

^' /)* 

find if we cube both members, we have 

and then, changing these equalities into a proportion, we have 
for the first, 

A* : 5* : : C* : Z) , 

and f(» the second 

A» ^ : • C* : /} 

&A. We may verify the proposition by the proportion, 

2 : 4 : : 6 : 12, 
and by squaring each lerui we have, 

4 : 16 : . 36 • 144 
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niunbers which are still proportional, and in which the ratio 
is 4. 
If we cube the niunbers we have, 

2* : 4* : • 6^ • 12^ 
tiiat is, 8 : 64 : • 2.6 • 1728, 

in which the ratio is 8. 

THEOREM XIV. 

If tK haxm two sets of proportional quantities^ the products of 
the corresponding terms wiU be proportional. 

Lot us take the proportions, 
A ' B : : C : D which gives 



B_D 



F H 
E : F : : G : H which gives "r=7» 

Multiplying the equalities together, we have 

BxFDxN 
AxE^CkG 
ind this by Th. II, gives 

AxE : BxF :: CxG : DxH, 

Seh, The proposition may be verified by the foUowtng 
proportions : 

8 : 12 : : 10 : 15, 
and 3 : 4 : : 6 : 8 ; 

we shall then have 

24 : 48 : : 60 : 130 
whi'^h are proportional, the ratio being % 
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DiriNITlONB. 



i Similar figures, are those which have the angles of t&e 
ono equal to the angles of the other, each to each, and the 
sides about the equal angles proportional. 

2. Any two sides, or any two angles, which are like placed 
in the two similar figures, are called homologous sides or 
angles. 

3. A polygon which has all its angles equal, each to each, 
and all its sides equal, each to each, is called a regular polygon, 
A regular polygon is both equiangular and equilateral. 

4. If the length of a line be computed in feet, one foot is 
Che unit of the line, and is called the hnear unit. It the lengtli 
of a line be computed in yards, one yard is the linear unit 

5. If we describe a square on the unit 
of length, such square is called the unit of 
surface. Thus, if the linear unit is one 
foot, one square foot will be the unit of 
surface, or superficial unit. 



1 fwc 
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l7d.-tlM. 





















6. If the linear unit is one yard, one 
square yard will be the unit of surface ; 
tnd this square yard contains nine square 
foet. 



7. The area of a figure is the measure of its surfaoe. The 
unit of the number which expresses the area, is a square, the 
side of which is the unit of length. 

8. Figures have equal areas, when they contain the same 
measuring unit an equal number of times. 

9. Figures which have equal areas are called tqyAvoUnU 
The term equals when applied to figures, implies an equality 
in all respects. The term equivalent^ implies an equality in 
one respect only : viz. an equality in their areas. The sign 

:, denotes equivalency, and is read, is equivalent to. 



THEOREM T. 

PataUelograms toAtcA have equal bases and equal akttudeSf are 

equivalent. 

Place the base of one parallel- 
ogram on that of the other, so that 
AB shall be the common base of 
the two parallelograms ABCD 
and ABEF. Now, since the par- 
allelograms have the same altitude, their upper bases, DC and 
FE, will fall on the same line FEDCy parallel to AB. Since 
the opposite sides of a parallelogram are equal to each other 
(Bk. I Th. zxiii), AD is equal to BC. Also, DC and FE aze 
each equal to AB .' and consequently, they are equal to each 
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Other (Ax. 1 ). To each, add ED : 
ihen will CE be equal to DF, 

But since the line FC cuts the 
two parallels CB and DA, the 
angle BCE will be equal to the 
angle ADF (Bk. I. Th. xiv) : hence, the two mangles A DP 
and BCE have two sides and the included angle of the one 
e«]ual to two sides and the included angle of the other, each 
to each ; consequently, they are equal (Bk. I. Th. iv). 

If then, from the whole space ABCF we take away the tn* 
angle ADF. there will remain the parallellogram ABCD ; but 
if we take away the equal triangle BEC, there will remain the 
parallelogram ABEF: hence, the parallelogram ABEF is 
equivalent to the parallelogram ABCD (Ax. 3). 



Cor, A parallelogram and a 
rectangle, having equal bases and 
equal altitudes, are equivalent 




THEOREM II. 

Triangles which have equal bases and •.qual altitudes^ an 

equivalenL 

Place the base of one triangle jFI D_ JS 

on that of the other, so that ABC 
and ABD shall be two trian- 
gles having a common base AB, Jf^ — ^ 
and for their altitude, the distance 

between the two parallels AB, FC: then will the triangle 
ABC be equivalent to the triangle ADB. 

For, through A draw AE parallel to ^C, and A JP parallel to 
BDf forming the x\vx> parallelograms BE and BF T]\en 
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aince these parallelograms have a commoa base and equal 
altitudes, they will be equivalent (Th. i). 

But the triangle ABC is half the parallelogram BE (Dk. 1 
Th. ximi);BXid ABD is half tlie equal parallelogram BF, 
heace, the triangle ABC Is equivalent u> the triangle ABD. 




THEOREM III. 

1/ tt triangle and a parallelogram have equal bases and equal 
(dtitudtSf the triangle tciU be half the parallelogram. 

Place the base of the triangle on the 
base of the parallelogram, so that AB 
shall be the common base of the tri- 
angle and parallelogram : then will the 
triangle ABE be half the parallelogram 
BD. 

For, draw the diagonal A C Then, since the altitude of 
the triangle AEB is equal to that of the parallelogram, the 
vertex will be found some where in CD, or in CD produced. 
Now the two triangles ABC and ABE, having the same base 
AB, and equal altitudes, are equivalent (Th. ii). But the tri- 
angle ABC is half the parallelogram BD (Bk. I. Thxxiii): 
hence, the triangle ABE is half the parallelogram BD (Ax. 1\. 

Cor. Hence, if a triangle and a rect- 
angle have equal bases and equal alti- 
tudes, the triangle will be half the 
rectangle. 

For the rectangle wouli be equiva- 
lent to a parallelogram of the same base 
and altitude (Th. i. Cor.), and since the triangle is half the 

parallelogram, it is also equivalent to half the rectangle 

8 
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THEOREM IV. 

Rectangles which are described on equal lines are equivalent 

Let BD and FH be two rectangles, 
having the sides AB, BC, equal to 
the two sides EF^ FG^ each to 
each: then will the rectangle ABCD, 
described on the lines AB^ BC, be 
equivalent to the rectangle EFGH, 
described on the lines EF^ FG. 

For, draw the diagonals AC, EG, dividing each parallel* 
ogram into two equal parts. 

Then the two triangles, ABC, EFG, having two sides and 
the included angle of the one equal to two sides and the in- 
cluded angle of the other, each to each, are equal (Bk. 1. 
Th. iv). But these equal triangles are halves of the respective 
rectangles (Th. iii. Cor.) : hence, the rectangles are equal 
(Ax. 7) ; and consequently equivalent. 

Cor. The squares on equal lines are equal. For a square 
b but a rectangle having its sides equal. 



THEOREM y. 



^Tujc rectangles having equal altitudes are tc each other as their 

bases. 



Let AEFD and EBCF be two ^ 
rectangles having the common alti- 
tude AD ; then will they be to each 
ither as the bases AE and EB, 



■'— T 



x? 



For, suppose the base ^i? to be to the base EB^as any two 
numbers, say tLe numbers 4 and 3 Ijei AE he then divided 
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into four equal parts, and EB into three equal parts, and 
through the points of division draw paralleb to AD We 
ehall thus form seven rectangles, all equivalent to each other 
since they have equal bases and equal altitudes (Th. iv). 

But the rectangle AEFD will contain four of these partial 
rectangles, while the rectangle EBCF will contain three ; 
hence, the rectangle AEFD wiU be to the rectangle EBCF as 
4 to 3 ; that is, as the base AE to the base EB. 

The same reasoning may be applied to any other rect- 
ani^les whose bases are whole numbers : hence, 

AEFD : EBCF ii AE i EB. 




THEOREM YI. 

Any two rectangles are to each other as the products oj theif 

hoses and altitudes. 

Let ABCD and AEGF be 
two rectangles : then will 
ABCD : AEGF : ABxAD 
: AFxAE 

For, having placed the two 
rectangles so that BAE and 
DAF shall form straight lines, produce the sides CD and GE 
until they meet in H. 

Then, the two rectangles ABCD^ AEHD, having the com' 
mon altitude AD^ are to each other as their bases AB aiiO 
AE (Th. v). In like manner, the two rectangles AEHD 
AEGF J having the same altitude AE^ are to each other af 
cheir bases AD and AF, Thus, we have the proportions 

ABCD : AEHD : : AB : AE, 
AEHD : AEGF : : AD : AF. 
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JL 



E 



D 



]£f now, we multiply the cor- 
responding terms together, the 
products will be proportional 
(Bk. m. Th. xiv.) ; and the 
common multiplier AEHD may 
be omitted (Bk. III. Th. ix.) : 
hence, we shall have 

ABCD : AEQF : : ABxAD 



Q 



AEXAF. 



Sch, Hence, the product of the base 
by the altitude may be assumed as the 
measure of a rectangle. This product 
will give the number of superficial units 
In the surface : because, for one unit in 
aeight, there are as many superficial units 
as there are linear units in the base ; for two units in height, 
twice as many; for three units in height, three times as 
many, &;c. 
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THEOREM Vn. 

Hie sum of the rectangles contained by one Une^ and ^ 
several parts of another line anyway divided^ is equivalent to thu 
rectangle contained by the two whole lines. 

Let AD be o e line, and AB the other, 
divided into the parts AE, EF, FB : then 
will the rectangles contained by AD and 
AE, AD and EF, AD and FB, be equiv- 
alent to the rectangle A C which is con- 
tained by the lines AD and AB, 

For, through the points E and F draw the lines EG and 
FH, parallel to the line AD : then will the rectangle AO 
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be equal to the rectangle of ADxAE ; EH will be equal Iwi 
EG X EF, or to AZ> X EF; and FC will be equal to FHx FB 
or to ADxFB. 

But the rectangle AC ia equal to tho sum of the partial 
rectangles: hence, 

AD X AB'^^ADx AE+AD x EF+AD x FB. 

THEOREM VIII. 

The area of any parallelogram is equal to the product of its base 

by its altitude. 

Let ABCD be any parallelogram, and 

BE its altitude : then will its area be ^— '^^ ^^— ^ 

equal to AB x BE, 

For, draw AF perpendicular to the 
base AB, and produce CD to F. Then, 
the parallelogram BD and the rectangle BF, having the samr 
base and altitude arv equivalent (Th. i. Cor.), but the aret 
of the rectangle BF is equal to the product of its base AB bj 
the altitude AF (Th. vi. Sch.) : hence, the area of tho paral 
ielogram is equal to ABx BE. 

Cor. Parallelograms of equal bases are to each other as then 
altitudes ; and if their altitudes are equal, they are to each 
other as their bases. 

For, let B be the common base, and C and D the altitudes 
of two parallelograms. Then, by the theorem, theii areas are 
to each other, as 

BxC : 5xA. 
that is (Bk. III. Th ix), as C: D 

If A and B be their bases, and C their common altitude, 
then they w'M be to each other as 

^XC : BxC: that is, as A : 9 
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THEOREM IX 

The area of a triangle is equal to half ii^, product of its' hau by 

its altitude. 

Let ABC be any triangle and CD its 
altitude : then will its area be equal to 
half the product ofABx CD, 

For, through B draw BE parallel to 
AC, and through C draw C£ parallel 
to AB : we shall then form the parallelogram AE^ having the 
same base and altitude as the triangle ABC. 

But the area of the parallelogram is equal to the product of 
the base AB by its altitude DC ; and since the parallelogram is 
double the triangle (Th. iii), it follows that the area of the tri 
angle is equal to half this product : that is, to half the product 
of AB X CD 

Cor, Two triangles of the same altitude are to each other 
as their bases ; and two triangles of the same base are to each 
other as their altitudes. And generally, triangles are to each 
other as the products of their bases and altitudes. 



THEOREM X. 

The area of a trapezoid is equal to half the product of its aliiiudf 
multiplied by the sum of its parallel sides. 

Lot ABCD be a trapezoid, CG 
its altitude, and AB, DC its par- 
allel sides: then will its area be 
equal to half the product of 
CGx(AB-^DC) 




BOOK IT. 



91 



Of Rectangles. 



For, produce AB until BE is equal to DC, and complete 
dio roctangie AF; also, draw BH perpendicular xo AB, 

Then, the rectangle AC will be equivalent to J?F, since the\ 
have equal bases and equal altitudes (Th iv). The diagonal 
£C ^111 divide the rectangle GH into two equal triangles; 
and hence, the trapezoid ABCD will be equivalent to tlie 
trapezoid BEFC ; and consequently, the rectangle AF^ is 
double the trapezoid ABCD. 

But the rectangle AF is equivaleri to the product of 
ADxAE; that is, to CGx(AjB-fZ>C); and consequently 
the trapezoid ABCD is equal to half that product 



THEOREM XI. 

Jf a Une be divided into two partSj the square described on the 
whole Une is equivalent to the sum of the squares described on the 
two parts, together with twice the rectangle contained hy the parts 

Let the line AB be divi'led into two 
parts at the point E: then wul the square 
described on AB be equivalent to the two 
squares described on AE and EB, to- 
gether with twice the rectangle contained 
by AE and EB : that is 

aPoA^+ EB^+2AE X EB. 

Foi lot AC be a square on AB, and AF a square on AE 
and produce the sides EF and GF to H and /. 

Then since EH is equal to AD, being the opposite side of 
a roctangie, it is also equal to AB ; and GI is likewise equai 
to AB If therefore, from these equals we take a\* ay EF and 
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GF, there will remain FH equal to F/, 
and each will be equal to HC or IC ; and 
since the angle at F is a right angle, it 
(bllows that FC is equal to a square de- 
scribed on EB, It also follows, tliat DF 
and FB are each equal to the rectangle 
of AE into EB. 

But the square ABCD is made up of four parts, viz., the 
square on AE ; the square on EB ; the rectangle DF , and 
the rectangle FB. Hence, the square on AB is equivalent 
to the square on AE plus the square on EB, plus twice the 
rectangle contained by AE and EB. 

Cor. If the line AB be divided into 
two equal parts, the rectangles DF and 
FB would become squares, and the square 
described on the whole line would be 
equivalent to four times the square de- 
scribed on half the line. 



Sch. The property may be expressed in the language u( 
alfi:ebra, thus, 

{a+b)^=a^+2ab+b.* 



THEOREM XII. 



The square aescrihed on the hypothenuse of a right anglei 
triangle, is equivalent to the sum of the squares described on tki 
of her two sides. 
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Let BAC be a right an- 
gled triangle, right angled at 
Ai then will the square de- 
scribed on the hypothenuse 
BC^ be equivalent to the two 
equares described on J3A 
Ebnd AC* 

Having described the 
squares BO^ BL^ and AI^ 
let fall from -4, on the hy- 
pothenuse, the perpendicular jp '^ q 
ABy and produce it to B\ then draw the diagonals AF^ CH^ 

Now, the angle ABF is made up of the right angle FBC 
and the angle CBA ; and the angle CBH is made up of the 
right angle ^^^and the same angle CBA: hence, the angle 
ABF is equal to CBH. But FB is equal to j?(7, being sides 
of the same square ; and for a like reason, BA is equal to 
HB, Therefore, the two triangles ABF and CBH^ having 
two sides and the Id eluded angle of the one equal to two sides 
and the included angle of the other, each to each, are equal 
(Bk. I. Th.iv). 

Since the angles BAC and BAL are right angles, as 
llso the angle ABH^ it follows that CAL is a straight line 
parallel to BH. (Bk. I. Th. ii. Cor. 3). Hence, the square 
HA and the triangle HBC stand on the same base and be- 
tween the same parallels; therefore the triangle is half the 
•quare (Th. iii. Cor.). For a like reason, the triangle ABF 
is half the rectangle BE. 

But it has already been proved that the triangle ABF ia 
equal to the triangle CBH: hence, the rectangle BE^ which 
is double the former, is equivalent to the square BLy which is 
double the latter (Ax. 6). 
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In the same manner it 
may be proved, that the rect- 
angle DG is equivalent to 
the square CK 

But the two rectangles 
BEf DGf make up the 
square BG : therefore, the 
square BG, described on 
tlie hypothenuse, is equiva- 
lent to the squares BL and 
CK, described on the other 
two sides. 



Cor. Hence, the square of either side 
of a right angled triangle is equivalent to 
the square of the hypothenuse diminished 
by the square of the other side. That is, 
in the light angled triangle ABC 

A&OA&^B^ 

or B^OA&^Xff 

Sch, The last theorem 
may be illustrated by de- 
scribing a square on the hy- 
pothenuse BC, equal to 5, 
also on the sides BA, AC^ 
respectively equal to 4 and 3 ; 
and observing that the num- 
ber of small squares in the 
large square is equal to the 
nimibcr in the two small 
squares 
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THEOREM XIII. 

If a ItM be drawn parallel to the base of a triangle, it wM divide 

the other two sides proportionally. 

Let ABC be any triangle, and BE a 
f^traight line drawn parallel to the base 
BC: then will 

AD : DB I' AE : EC, 

For, draw BE and DC. Then, the 
two triangles BDE and DCE have the 
game base DE^ and the same altitude, B 
since their vertices B and C, lie in the lim BC parallel to 
DE : hence, they are equivalent (Th. ii). 

Again, the triangles ADU and BDE, have a common ver- 
tex £, and the same altitude ; consequently, they are to each 
other as their bases (Th. ix. Cor.) ; hence, we h»ve 
ADE : BDE : : AD : DB. 

But the triangles ADE and CDE, having a common vertex 

D, are to each other as their bases AE and EC : hence, we 

have 

ADE : CDE : : AE : EC. 

But the triangles BDE and CDE have been proved equiva- 

* lent : hence, in the two proportions, the first antecedent and 

consequent in each are equal : therefore, by (Bk. III. Th v) 

we have 

AD : BD :: AE : EC. 

Cor. The sides AB, AC, are also proportional to ihe part* 
AD, AE, or to BD, CE. 

For, by composition (Bk. III. Th. vii), we have 

AD'{'BD : BD :: AE+EC : EC. 

Then, by alternation (Bk. III. Th. iv). 
AB : AC : : BD : EC. hence, also, AB : AC : : AD : AE 
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THEOREM XIV. 

A line which bisects the vertical angle of a triangle dividek 
i\e hose into tino segments which are proportional to the adjacent 
eide. 

Let ACB be a triaogk, hav- 
ing the angle C bisected by the 
litio CD : theL will 
AD : DR :: AG : GB. 

For, draw BE parallel to 
CD and produce AC to K 
Then, since CB cuts the two 




parallels (72>, JSB, the alternate angles BCD and CBE are 
equal (Bk. I. Th. xii) : hence, CBE is equal to angle A CD, 

But, since AE cuts the two parallels CD^ BE^ the angle 
ACD is equal to CEB (Bk. I. Th. xiv) : consequently, the 
angle CBE is equal to the angle CEB (Ax. I) : hence, the 
bide CB is equal to CE (Bk. I. Th. vii.) 

Now, in the triangle ABE the line CD is drawn parallel 
to BE: hence, by the last theorem, we have 

AD : DB :: AC : CE, 
and by placing for CEj its equal CB, we have 

AD : DB :: AC : CB. 



THEOREM XV. 

Equiangular triangles have their sides proportioned, and are 

similar. 
Let ^j?£7and DEFho two equi- 
angular triangles, having the angle 
A equal to the angle J9, the angle C 
(o the angle F, and the angle B to 
the angle E: then will 

AB : AC :: DE : DF 
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For, on the sides of tlie larger triangle D£F, iiiako Dl 
equal to ^C and DG equal to AB, and join IG. Then the 
two triangles A^C and D/G, having t«u sides and the in* 
eluded angle of the one equal to two sides and the included 
Angle of the other, each to each, will bo equal (Rk. 1 Th. iv) 
Hence, the angles / and G are equal to C and B^ and cou8» 
^{iiently, to the angles F and £ : therefore, IG is parallel to 
EF(Bk. I. Th. xiv, Cor. 1). 

Now, in the triangle DEF, since IG is parallel to the b^ae, 
WQ have (Th. xiii). 

DG : Dl :: DE : DF, 

diatis, AB ' AC :: DE : DF, 



THEOREM XVU 

TiDO triangles which have tJuir sides proportional are equianr 

gular and similar. 

Let BAG and EDF be two 
triangles Laving A 

BC . EF : : AB : ED, 
and BC : EF : : AC : DF; 

then will they have the corres- ^^ 

ponding angles equ.\l, m- the angle 

B=E, A=D and C=F. 

For. at the point E make FEG equal to the angle B. 
wid at F make the angle E FG equal to the angle C. Tlien 
will the angle at G be equal to A, and the two triangles SAC 
and EGF wiU be equiangului (Bk. I Th xvii. Cor 1). 

Therefore, by the last theorem, we shall have 




BC 
9 



EF 



AB 



EG; 



98 GEOMETRY. 




Proportions of Triangles. 

* 

but by hypothesis, 

£C : EF : : AB : DE: 

hence, iiG is equal to ED, 

By the last theorem we also 
fiave 

BC : EF :: AC 
and by hyjwthesis, 

BC : EF :: AC I DF; 

hence, FG is equal to DF, 

Therefore, the triangles DEF and EOF, having their three 
sides equal, each to each, are equiangular (Bk. I. Th. viii). 
But, by construction, the triangle EFG is equiangular with 
BA C : hence, the triangles BA C and EDF are equiangular, 
and consequently they are similar. 

Sch, By Theorem XY, it appears that if the corresponding 
angles of two triangles are equal, each to each, the correspond- 
ing sides will be proportional ; and in the last theorem it was 
proved that if the sides are proportional, the corresponding 
angles will be equal. 

Now, these proportions do not hold good in the quadrilate* 
rals. For, in the square and rectangle, the corresponding 
angles are equal, but the sides are not proportional ; and the 
angles of a parallelogram or quadrilateral, may be varied at 
pleasure, without altering the lengths of the sides. 

THEOREM XVII. 

JJ two triangles have an angle tn the one equal to an angle in 
the oiktr^ and the sides containing these angles proportional^ the 
two trumgles will he equiangular and similar* 
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Let ABC and DEF be two tri- 
angles having the angle A equal to 
the angle D, and 

AB DE : : AC . DF ; 

then will the two triangles be 
similar. 

For, lay off AG equal to DE^ and through G draw Gl'p3T- 
allcl to BC, Then tlie angle AG I will be equal to the angle 
ABC (Bk. I. Th. xiv) ; and the triangles AGI and ABC will 
be equiangular. Hence, we shall have 

AB : AG :: AC : AL 

Out, by hypothesis, we have 

AB : DE : : AC : DF, 

and by construction, ^4 G is equal to DE ; therefore, AI u 
equal to DF, and consequently, the two triangles AGI and 
DEF are equal in all their parts (Bk. I. Th. iv). But the tri- 
angle ABC is similar to AGIy consequently it is similar to 
DEF 



THEOREM XVIII. 

If from tJte right angle of a right angled triangle^ a perpend 
dieular be let fall on the hypothenuse, then 

I. The two partial triangles thus formed wUl be similar ta 
McA other and to the whole triangle, 

L Either side including the right angle wiU be a mean pro* 
portional between the hypothenuse and the adjacent segment, 

III. The perpendicular will he a mean proportional bettieen tht 
segments of the hypothenuse 



100 



GEOMETRY 



Proportions of Triangles. 




Let ABC be a right angled 
triangle, and AD perpendicular 
to the hypothenuse. 

The two triangles BAC and 
BAD having the common angle 
6, and the right angle BAC equal 
to the right angle at D, will be equiangular (Bk I. Th. xvii 
Cor. 1); and, consequently, similar (Th. xv). For a like 
reason the triangles BAC and CAD are similar. 

Now. from the triangles BAC and BAD, we have 

BC : BA : : BA : BD, 



From the triangles BAC and CAD, we have 
BC : CA :: CA : CD: 
end from the triangles BAD and DAC, we have 

BD : AD : ; AD : DC. 

Cor. If from a point A, in the 
circumference of a circle, i4 Z^ be 
drawn perpendicular to any diam- 
eter as BC, and the chords AB 
A C be also drawn, then the an- 
gle BAC will be a right an^de 
(Bk. II. Tb. x): and by the 
theorem we shall have, 

1st The perpendicular AD a mean proportional between 
the segments BD and DC, 

2d Each chord will be a mean proportional between the 
diameter and the adjacent segment. 

That is, aS*=:BDxDC 

aW=BCxBV 
AV^^nCxCD 
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THEOREM XIX. 

Swiilar triangles are to each other as the squares deserihed on 

titeir homologous sides 

Let ABC and DEF be 
two siinilai triangles, and 
AL and DN the squares de- 
scribed on the homologous 
Bides AB, DE: then will 
the triangle 

ABC : DEF : : AL : DN. 

For, draw CG and FH perpenvlicular to the bases AB, DE* 
and draw the diagonals BK and EM, 

Then, the similar triangles ABC and DEF^ having their 
homologous sides proportional, we have 

AC : DF :: AB : DE; 

and the two ACG, DFH, give 

AC : DF :: CG : FH; 
hence, (Bk. III. Th. v), we have 

AB : DE :: CG : FH. 
01 (Bk. III. Th. iv), 

AB : CG :, DE : FH. 

Now, the two triangles ABC and AKB have the conmion 
base AB ; and the triangles DEF and DEM have the common 
case DE ; and since triangles on equal bases are to each otbei 
Bs their altitudes (Th. ix, Cor.), we have 
he triangle 

ABC : ABK :: CG : A K or AB 
and the triangle, 

DEF : DME :: FH : DM or DE. 
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FH 
DEF 



ABK 



DE; 
DME, 




Bui wfc have proved 

CG : AB : 
nence, ABC : ABK : ; 
or, alternately, 

ABC : DEF : 

But the squares AL and 
DN being each double of the 
triangles AKB and DME 
have the same ratio ; hence, 

ABC : DEF : : AL : DN 



THEOREM XX. 

Two similar polygons may be divided into an equal number of 
triangles J similar each to eachj and similarly placed. 

Lot ABCDE and FGHIK be two similar polygons. 

From the angle A draw 
the diagonals AC^ AD: jp 

and from the homologous 
angle F, draw FH, FL 

Now, since the poly- 
gons are similar, the ho- 
mologous angles B and G 
will bo equal, and the sides about the equal angles propor- 
tional {Dc(. 1): that is, 

AB : BC : : FG : GH. 

Hence, the triangles ABC and FGH have an angle in each 
equal, and the sides about the equal angles proportional; there- 
fore, they are similar (Th. xvii), and consequently, the angle 
ACB is equal to FHG, Taking these from the equal angles 
BCD and GUI, there will remain ACD equal to FHL The 
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two triangles ACD and FHIwUl then have an angle in each 
equal, and the sides about the equal angles proportional: hence, 
they will be similar. 

In the same manner it may be shown tliat the triangles 
AED and FKI are similar: and, hence, whatever be the 
number of sides of the polygons, they may be divided into an 
equal number of similar triangles. 

TIIEOREM XXI. 

Similar polygons are to each other as the squares described on 

their homologous sides. 

Let ABCDE and FGNIK, be two similar polygons ; then 
will they be to each other 
as the squares described /) 

on ABy FGy or any other 
two homologous sides. 

For, let the polygons be 
divided, as in the last the- 
orem, into an equal num- 
ber of similar triangles. Then, by Theorem XIX, we have 

the triangles 

AB* : FG^ 

DC^ : IN* 




DE* : IK* 



ABC : FGN 

ADC : FIN 

ADE : FIK 
Rut since the polygons are similar, the ratio of the last ante- 
cedent to its consequent, in each of the proportions, is the 
same : hence, we have (Bk. III. Th. xii). 

ABC+ADC+ADE : FGN+FIN+FIK : : aS^ : F& 

that is, ABCDE : FGNIK : : iF : FG*; 

Hence, the areas of similar polygons are to each other ac 
the squares described on their homologous sides 
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If similar polygons are inscribed in circles, tkeir homologous 
sides, and also their perimeters, will have the same ratio to each 
other as tlie diameters of the circles in which they are inscribed. 

Let ABODE, FGNIK, 
be two similar figures, in- 
scribed in the circles whose 
diameters are -AL and FM'. 
then will each side, AB, 
BC, &c., of the one, be to 
the liomologous side FG, GN, <fec., of the other, as the 
diameter AL io the diameter FM. Also, the perimeter 
ABj^BC+ CD &c., will be to the perimeter FG -f GN-\^ Nl 
&c., as the diameter AL to the diameter FM. 

For, draw the two corresponding diagonals A C, -PJV", as also 
the lines BL and GM. 

Then, the two triangles A CB and FKG will be similar 
(Th. xx) ; and therefore, the angle A CB is equal to the angle 
FNG. But, the angle A CB is equal to the angle ALB, and 
the angle FNG to the angle FMG (Bk. II. Th. ix) : hence, 
the angle ALB is equal to the angle FMG (Ax. 1) ; and since 
ABL and FGMaxe right angles (Bk. II. Th. x), the two tri- 
angles ALB and FMG will be equiangular (Bk, I. Th. xvii. 
Cor. 1), and consequently similar (Th. xv). 

Therefore, 

AB I FG :i AL : FM. 

Again, since any two homologous sides are to each other in 
the same ratio as AL to FM, we have (Bk. III. Th. xii), 

AB-\.BC+CD&c. : FG-\r(^^+^I&c. :: AL : FM. 
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THEOREM XXni. 

Sunilaf polygons inscribed in circles are to each other as thi 
squares of the diameters of the circles. 

J.ct ABCDE, FGNIK, 
be iTfo polygons inscribed 
ID the circles whose diam- 
eters are AL and FM: 
then will the polygon 
ABCDE, be to the poly- 
gon FGNIK as the square of AL to the square of FM, 

For, the polygons being similar, are to each other as the 

squares of their like sides (Th. xxi) ; that is, as AB^ to FO^ 
But, by the last theorem, 

AB : FG :: AL : FM; 
therefore (Bk III. Th. xiii), 

: FG^ :: XT : FM^i 




FGNIK 



AL 



fm\ 



AB* 
crmsequontly, 

ABCDE : 

Sch. If any regular polygon, 
A BDEFGj be inscribed in a circle, 
and then the arcs AB, BE, <&c., be 
bisected, and lines be drawn through 
ihcse points of bisection, a new poly- 
gon will be formed having double the 
number of sides. It is plain that this ^ ^ 

new polygon will differ less from the circle than the firs) 
polygon, and its sides will lie nearer the circumference than 
the sides '^f the first polygon. 

If now, we suppose the number of sides to be continuaUj 
increased, the length of each side will constantly diminish 
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until finally the polygon will become 
equal to the circle, and the perimeter 
will coincide with the circumference. 
When this takes place, the line CH 
drawn perpendicular to one of the 
Bides, will become equal to the radius 
of the circle. 






THEOREM XXIY. 

The circumferences of circles are to each other as their diameterw 

Let there be two circles 
whose diameters are AL 
and FM: then will their 
circumferences be to each 
other as AL to FM 

For, suppose two similar polygons to be inscribed in the 
circles : their perimeters will be to each other as AL to FM 
(Th. xxii). 

Let us now suppose the arcs which subtend the sides of the 
polygons to be bisected, and new polygons of double tho num- 
ber of sides to be formed: their perimeters will still be to 
each other as A L to FM, and if the number of sides be in- 
creased until the perimeters coincide with the circumference, 
we shall have the circumferences to each other as tho diain- 
etors AL and FM, 

THEOREM XXY. 



T%e areas of eirdes are to each other as the squares of theif 

dumuters. 
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Let ihi 16 be two circles 
whose diameters are AL 
and FM: then will their 
ureas be to each other as 
the square of AL to the 
square of FM, 

For suppose two similar polygons to be inscribed in the 

circles: then will they be to each other as AL to FAT 
(Th xxiii). 

Let us now suppose the number of sides of the polygons to 
be increased, by bisecting the arcs, until their perimeters 
shall coincide with the circumferences of the circles. The 
polygons will then become equal to the circles, and hence, the 
areas of the circles will be to each other as the squares of their 
diameters. 

Cor. Since the circumferences of circles are to each other 
as their diameters (Th. xxiv), it follows, that the areas which 
are proportional to the squares of the diameters, will also be 
proportional to the squares of the circumferences 

THEOREM XXVI. 

The area of a regular polygon inscribed in a circle, is equal te 
half the product of the perimeter and the perpendictiiar let fall 
from the centre on one of the sides. 

Let C be the centre of a circle cir- 
cumscribing the regular polygon, and 
CD a perpendicular to one of its sides : 
then will its area be equal to half the 
product of CD by the perimeter. 

For, from C draw radii to the ver- 
tices of the angles, forming as many 
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equal triangles as the polygon has 
sides, in each of which the perpen- 
dicular on the base will be equal to 
CD. Now, the area of one of them, 
as A CB, will be equal to half the pro- 
duct of CD by the base AB ; and the 
same will be true for each of the other 
triangles : hence, the area of the poly- 
gon will be equal to half the product of CD by the perimeter 




THEOREM XXVII. 

The area of a circle is equal to half the product of the radius by 

the circumference. 

Let C be the centre of a circle : 
then will its area be equal to half the 
product of the radius AC by the cir- 
cumference ABE, 

For, inscribe within the circle a 
regular hexagon, and draw CD perpen- 
dicular to one of its sides. Then, 
the area of the polygon will be equal to half the product of 
CD muhiplied by the perimeter (Th. xxvi). 

Let us now suppose the number of sides of the polygon to 
oe increased, until the perimeter shall coincide with the ci^ 
cumference ; the polygon will then become equal to the circla, 
and the perpendicular CD to the radius CA, Hence, the are« 
of the circle will be equal to half the product of the radius ?y 
the circumference. 
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PROBLEMS 



RELATING TO THB FOURTH BOOK. 




PROBLEM I. 

To divide a line into any proposed number of equal part 9 

Ijet AB be the line, and let it be 
required to divide it into four equal 
parts. 

Draw any other line, AC, forming 
an angle with AB, and take any dis- 
tance, ss AD, and lay it off four times on A C. Join C and B 
and through the points D, E, and F, draw parallels to CB 
These parallels to BC will divide the line AB into parts pro- 
portional to the divisions on ^ C (Th. xiii) : that is, into equal 
parts. 

PROBLEM II. 

To find a third proportioned to two given lines. 
Let A and B be the given lines. 




A 
Make AB equal to A, and draw ^ 

ACf making an angle with it. On 

AC lay off -AC equal to B, and join 

BC . then lay off AD, also equal to 

B and through D draw DE parallel to BC : then will AE 

be the third proportional sought 

For, since DE is parallel to BC, we have (Th. xiii) 

AB \ AC II AD or AC : AE- 

therefore, AE is tlie third proportional sought 

10 
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PROBLEM III. 

To find a fourth proportional to the lines Ay B, and C. 

Place two of the lines forming an 
augle with each other at A ; that is, ^ 
moke AB equal to A, and A C equal O- 
B; also, lay off AD equal to C 
Then join BC, and through D draw 
DE parallel to BC, and AE will be the fourth proportional 
sought. 

For, since DE is parallel to BC, we have 

AB : AC :: AD : AE ; 
therefore, AE is the fourth proportional sought. 

PROBLEM iv. 

To find a mean proportional between two given lines, A and B> 

Make AB equal to A, and 
BC equal to B: on AC de- 
scribe a semicircle. Through 
B draw BE perpendicular to 
\ C, and it will be the mean proportional sought (Th. xviii. Cor). 

PROBLEM V. 

To make a square which shall he equivalent to the mm of two 

given squares. 

Let A and B be the sides of the ^^ | 

given squares. y^ \ | j^ | 

Draw an indefinite line AB^ and 
make AB equal to A. Ai B draw 
BC perpendicular to AB^ and make 
BC equal to B: then draw A C and the square described oo 
A C will be equivalent to the squares on A and B (Th. xii). 
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PROBLEM VI. 

TV make a square which shaU he equivalent to the difference b$ 

tween two given squares. 

Let A and B be the sides of 
(be gii'on squares. 

Draw an indefinite line, and 
make CB equal to A, and CD 
equal to 5. At D draw DE 
perpendicular to CB^ and with C as a centre, and CB as a 
radius, describe a semicircle meeting DE in E^ and join CE: 
then will the square described on ED be equal to the differ- 
ence between the given squares. 

For, CE is equal to CB^ that is, equal to A^ and CD is 
equal to B : and by (Th. xii. Cor.), 

eS^=zCE^-CS^. 




PROBLEM YII. 

To make a triangle which shall he equivalent to a given quad* 

rikUered, 

Let ABCD be the given quadri- 
ateral. 

Draw the diagonal A C, and through 
D draw DE parallel to AC , meeting E 
BA produced at E. Join EC: then will the triangle CEB 
be equivalent to the quadrilateral BD. 

For, the two triangles ACE and ADCy having the same base 
AC, and the vertices of the angles D and E in the same lice 
DE parallel to .A C, are equivalent (Th. ii). If to each, we 
add ACB, we shall then have the triangle £CB equivalent to 
the quadrilateral BD (Ax. 2). 
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PROBLEM VIII. 
Tc make a triangle which shall be equivalent to a given polygon. 

Let ABCDE be the polygon. 

Draw the diagonals AD^ BD, 
Produce ^B in both directions, 
and through C and E draw CG 
and EFf respectively parallel to 
AD and BD : then join FD and 
DG, and the triangle FDG will be equivalent to the polygon 
ABCDE. 

For, the triangle AUD is equivalent to the triangle AFD 
and DBC to DBG (Th. ii) ; and by adding ADB to the 
equals, we shall have the triangle FDG equivalent to the 
polygon ABCDE. 




PROBLEM IX. 

To make a rectangle that shall be equivalent to a given triangh 

Let ABC be the given triangle. 

Bisect the base AB at Z), and draw 
DH perpendicular to AB, Through C, 
the vertex of the triangle, draw CHG 
parallel to A 5, and draw BG perpen- 
dicular to it: then will the rectangle 
D6r be equivalent to the triangle ABC, 

For, the triangle would be half a rectangle having the aanie 
base and altitude : hence, it is equivalent to DG^ whose base 
IB the half of AB^ and altitude equal to that of the triangle. 
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PROBLEM X. 
To inscribe a circle in a regular polygon. 

Bisect any two sides of the polygon 
hy the perpendiculars GO, FO, and ^ 

wrilh their point of intersection O, as a -"Vjf 
centre, and OG as a radius describe 
the circumference of a circle — this 
circle will touch all the sides of the 
polygon. 

For, draw OA, Then in the two right angled triangles OA G 
and OAFy the side AO is common, and ^G is equal to AF^ 
since each is half of one of the equal sides of the polygon : 
hence, OG is equal to OF(Bk.I.Th. xix). In the same man- 
ner it may be shown that OH, OK and OL are all equal to 
each other : hence, a circle described with the centre O and 
radius OF will be inscribed in the polygon. 

C.r. Hence, also the lines OA, ON Sic.,' dra>vn to the 
angles of the polygon are equal. 



APPENDIX 



OF THE REGULAR POLYGONS. 

1. In a regular polygon the angles are all equal to each 
other (Def. 3). If then, the sum of the inward angles of a 
regular polygon be divided by the number of angles, the quo- 
tient will be the value of one of the angles. 

But the sum of the inward angles is equal to twice as many 

right angles, wanting four, as the polygon has sides, and we 

shall find the value in degrees by simply placmg 90^ for the 

right angle. 

10* 
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2. Thus, for the sum of all the angles of an eqidlateral 
triangle, we have 

6 X OO**— 4 X 90**=540''— 360*^ = 180** 
ind foi each angle 

180'' -^3 = 60": 
Hence, each angle of an equilateral triangle, b equal to 60 
degrees. 

3. For the sum of all the angles of a square, we have 

8 X 90''-4 X 90° =720** -360** =360% 
Hnd for each of the angles 

360'' H- 4 =90** 

4. For the sum of all the angles of a regular pentagon, wc 
have 

1 X 90^ - 4 X 90** = 900^ - 360** = 540*, 
and for each angle 

540** ^5 =108*. 

5. For the sum of all the angles of a regular hexagon, we 
tuivo 

12 X 90**-4 X 90**= 1080** -360** =720% 
and of each angle 

720** H- 6=120% 

6. For the sum of the angles of a regular heptagoUf we 
have 

14 X 90**-4 X 90**=1260**-360**=900': 
and for one of the angles 

900**-^7=128' 34'+. 

7. For the sum of the angles of a regular octagon, we have 

16 x90'*-4 x90**=1440^-360**=1080**: 
and for each angle 

1080**H-8=13ri** 
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8. Since the sum of the angles about any point is equal tc 
four right angles (Bk. I. TL ii. Cor. 3), it may be observed thai 
there are only three kinds of regular polygons, which can be 
airanged around any point, as C, so as exactly to fill up tlie 
space. These are. 



First. — Six equilateral triangles, in 
nrhich each angle about C is equal to 
60*y and their sum to 

600x6=360. 




Second,' Pour squares, in which 
each angle is equal to 90^, and their 
Bum to 

90* X 4=360* 




Third, — ^Three hexagons, in 
which each angle is equai to 
120, and the siun of the three 
to 

120'x3=360* 
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OF PLANES AND TIIEIA ANGLES. 

DEFINITIONS. 

1. A straight line is perpendicular to a plane, when It is per 
pendicular to every straight line of the plane which it meets. 
The point at which the perpendicular meets the plane, is 
called the foot of the perpendicular. 

2. If a straight line is perpendicular to a plane, the piano 
is also said to be perpendicular to the lino. 

3. A line is parallel to a plane when it will not meet that 
plane, to whatever distance both may be produced. Con- 
versely, the plane is then parallel to the line. 

4. Two planes are parallel to each other, when they will 
not meet, to whatever distance both are produced. 

5. If two planes are not parallel, they intersect each othef 
in a line that is common to both planes : such line is called 
their common intersection, 

6. The space included between two planes is called a 
dtedral angle: the planes are the faces of the angle, and 
their intersection the edge. A diedral angle is measured by 
two lines, one in each plane, and both perpendicular to the 
common intci*8Cction at the same point. 

This angle may be acute, obtuse, or a right angle. When 
it is a right angle, the planes are said to be perpendicular to 
each other. 



BOOK V 



117 



Of Planes. 



_fl 



Let AB be a plane coinciding with 
the I lane of the paper, and ECF a r 
plane intersecting it in the line FH. J 
Now, if from any point of the common 
intersection as C, we draw CD in the 
plane AB, and CE in the plane ECF^ 
and both perpendicular to CF at C, 





dien will the angle DCE measure the inclination between 
the two planes. 

It should be remembered that the line EC ia directly ovoi 
the line CD. 

7. A poljedral angle is the angular 
Apace included between several planes 
meeting at the same point. 

Thus, the polyedral angle /Sjis formed 
by the meeting of the planes ASB^ 
BSC, CSD, DSA. 

8. The angle formed by three planes 
b called a triedral angle. 

THEOREM I. 

Two straight lines which intersect each other, lie tn the sami 

plane, and determine its position, 

LeiAB and AC he two straight lines 
which intersect each other at A, 

Through AB conceive a plane to be 
pitssed and let this plane be turned 
around AB until it embraces the point 
C : the plane will then contain the two 
lines AB, AC, and if it be turned either way it will depart 
fipom the point C, and consequently from the line A C Hencei 
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the position of the plant? is determined 
by the single condition of containing 
the twc straight lines AB, A C, 

Cor. 1. A triangle ABC, or three 
|K)int8 Af Bf C, not in a straiglit line, 
determine the position of a plane. 

Cor, 2. Hence, also, two parallels 
ABf CD determine the position of a 
plane. For drawing EF, we see that 
the plane of the two straight lines AE^ 
EF IS that of tlie parallels AB, CD. 





THEOREM II. 

A perpendicular ts the shortest line which can be drawn from a 

point to a plane. 

Let A be a point above the plane 
DE, and AB a line drawn perpen- 
dicular to the plane : then will AB he 
shorter than any oblique line AC. 

For, through 5, the foot of the per- 
pendicular, draw BC to the point 
where the oblique line A C meets the 
plane. 

Now, since AB \% perpendicular to 
the plane, the angle ABC will be a 
right angle (Def. 1.), and consequently less than the angle C: 
therefore, AB, opposite the angle C, will be less than AC 
opposite the angle B (Bk. I. Th. xi). 
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Cotr It is evident that if several lines be drawn from the 
point A to the plane, that those which are neare^i the peipen* 
dicnlsir AB, will bo less than ttiose more remote. 

Sch. The distance from a point lo a plane is measured on 
{ho perpendicular : hence, whc^n the distance only is named, 
the shortest distance is always understood. 



THEOREM III. 

The common intersection of two planes is a straight line. 

Let the two planes AB, CD, cut 
each other. Join any two points E 
and F, in the common intersection, 
by the straight line EF. This line 
will lie- wholly in the plane AB, and 
also wholly in the ])lane CD (Bk. I. 
Def. 7) ; therefore, it will be in both 
planes at once, and consequently, is 
their common intersection. 




THEOREM IV. 

A straight line which is perpendicular to two straight lines at 
their point of intersection, will be perpendicular to the plane of 
those lines. 

Let the line PA be perpen- 
dicular to the two lines AD, 
AB: then will it be perpendic- 
ular to the plane BC which con- 
tains them. 

For, if AP is not perpendicular 
to the plane BC, suppose a plane 
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to be drawn through A^ that shall 
be perpendicular to AP 

Now, every line drawn through 
A^ and perpendicidar to AP 
will be a line of this last plane 
(Def. 1): hence, this last plane 
will coniain the lines AB^ AD, 
and consequently, a lino which is perpendicular to two linea 
at the point of intersection, will be perpendicular to the plane 
of those lines 





> 
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THEOREM V. 

if two straight lines are perpendicular to the same plane they 

voill be parallel to each other. 

Let the two lines AB^ CD^ be 
perpendicular to the plane EF : 
then will they be parallel to each 
other 

For, join B and i), the points 
in which the lines meet the 
plane EF 

Then, because the lines AB, CD, are perpendicular to the 
plane £F, they will be perpendicular to the line BD (Def. 1). 
N^ow, if BA and D C are not parallel, they will meet at some 
point as ; then, the triangle OBD would have two right 
angles, which is impossible (Bk. I. Th. xvii. Cor. 4). 

Cor. If two lines are parallel^ and one of them is perpen- 
dicular to a plane, the other will also be perpendicular to the 
same plane. 
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THEOREM YI. 

If two planes intersect each other at right angles , and a Una 
6b drawn in one plane perpendicular to the common intersectiong 
ihis line will be perpendicular to the other plane. 

Let the plane FE be perpen- 
dicular to MN, and AP be drawn 
in the plane FE, and perpen- 
diculai to liie common intersec- 
tion DE: then will AP be per- 
pendicular to the plane MN. 

For, in the plane MN draw 
CP perpendicular to the common 
intersection DE, Then, because the planes MN and FE are 
perpendicular to each other, the angle APC, which measures 
their inclination, will be a right angle (Def. 6). Therefore, 
the line AP is perpendicular to the two straight lines PC and 
FD , hence, it is perpendicidar to their plane MN (Th. iv). 

THEOREM VII. 

If one p*anc intersect another plane, the sum of the angles on 
he same side will be equal to two right angles. 

Let the plane GEF intersect 
the plane ^J5 in the line FE : 
then will the sum of the two 
angles on the same side be equal 
to two right angles. 

For, from any point, as £, in 

l^e common intersection, draw 

tlu) lines EG and DEC, one in each plane, and botn poipen- 

dicrlar to the common intersection at E. Then, the line GE 

makes, with the line DEC, two angles, which together are 

11 
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equal to two right angles (Bk I. 
Th. ii): but these angles measure 
the inclination of the planes ; there- 
fore, the sum of the angles on the 
same side, which two planes make 
with each other, is equal to two 
right angles. 

Cnr. In like manner it may be demonstrated, that planes 
which intersect each other have their vertical or opposite 
angles equal. 

THEOREM VIII. 

Two planes wPich are perpendicular to the same straight line ate 

parallel to each other. 

Lot the planes MN and PQ 
be perpendicular to the line AB: q 
t^en will they be parallel. 

For, if they can meet any 
where, let O be one of their 
their common points, and draw 
OB, in the plane PQ, and OA, 
in the plane MN. 

Now, since AB is perpendicular to both planes, it will 
be perpendicular to OB and OA (Def. 1) : hence, the triangle 
OAB will have two right angles, which is impossible (Bk. I. 
Th. xvii. Cor. 4) ; therefore, the pianes can have no point, as 
O, in common, and consequently, they are parallel (Def 4). 
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THEOREM IX. 



If a plane cuts two pttrallel planes, the lines of intersectum wUf 

be parallel 
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Let Uie parallel planes MN and 
PA be intersected by the plane 
EH: then will the lines of inter- 
section EF, GH, be parallel. 

For. if the lines EF, GH, were 
Dot parallel, they would meet each 
other if sufficiently produced, since 
they lie in the same plane. If this 
were so, the planes MN, P^, would 
meet each other, and, consequently, could not be parallel ; 
which would be contrary to the supposition. 
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THEOREM X. 

Ij two lines are parallel to a third line, though not tn the sami 
plane with it, they will be parallel to each other. 

Let the lines AB and CD be each 
parallel to the third line EF, though 
not in the same plane with it: then 
Mill fchey be parallel to each other. 

Foi , since EF and CD are parallel, 
they ^ill lie in the same plane FC 
(Th. i. Cor. 2), and AB, EF will also 
lie in the plane EB. 

At any point, G, in the line EF, let GI and GH be drawn 
in the planes FC, BE, and each perpendicular to FE at G. 

Then, since the line EF is perpendicular to the lines GH 
GI, it will be perpendicular to the plane HGI (Th. iv). And 
tince FE is perpendicular to the plane HGI, its parallels 
AB and DC will also be perpendicular to the same plane 
(Th. v). Hence, since the two lines AB, CD, are both per- 
pendicular to the plane HGL they will be panillol to each othe? 
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THEOREM XI. 

If ttDO angles, not situated in the same plane, have their stdss 
pitralJel and lying m the same direction, the angles will bd 
equal. 

Lot the angles ACE and BDF 
have the sides AC parallel to BD, 
and CE to DF: then will the angle 
ACE be equal to the angle BDF, 

For, make AC equal to BD, and 
CE equal to DF, and join AB, CD, 
and EF ; also, draw AE, BF, 

Now since il C is equal and par- 
allel to BD, the figure AD will be a 
parallelogram (Bk. I. Th. xxv); there- 
foroy AB is equal and parallel to CD. 

Again, since CE is equal and parallel to DF, CF will be 
a parallelogram, and EF will be equal and parallel to CD. 
Then, since AB and EF are both paralld to CD, they will 
be parallel to each other (Th. x) ; and since they are each 
equal to CD, they will be equal to each other. Hence, the 
figure BAEF is a parallelogram (Bk. I. Th. xxv), and conse- 
quently, AE is equal to BF. Hence, the two triangles ACE 
and BDF have the three sides of the one equal to the throe 
Bides of the other, each to each, and therefore the angle ACL 
is equal to the angle BDF (Bk. I. Th. viii). 




THEOREM XII. 



If two planes are parallel, a straight line which is perpendieulai 
to the one will also be perpendicular to the other. 
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5. 



Let MN and PQ be two par- 
aJlcl planes, and let AB he per- 
pendicular to MN : then will it 
. be perpendicular to PQ, 

For, draw any line, BC, in the ^ 
plane PQ^ and thiough the lines 
ABy BC, suppose the plane 
ABC to be drawn, intersecting 
the plane MN in the line AD : then, the intersection AD will 
be parallel to BC (Th. ix). But sisce AB is perpendicular 
to the plane NM, it will be perpendicular to the straight line 
ADy and consequently, to its parallel BC (Bk. I. Th. xii. Cor.) 

Id like manner, AB might be proved perpendicular to any 
other line of the plane PQ, which should pass through B ; 



"Q 



hence, it is perpendicular to the plane (Def. 1). 

Cor. It from any point as JJ, 
any oblique lines, as MJSF, HDC^ 
be drawn, the parallel planes will 
cat these lines proportionally. 

For, draw HAB perpendicular 
to the plane MN : then, by the 
theorem, it will also be perpendi- 
cular to P ©. Then draw AD, AE, 
BC, BF. Now, since AE, BF, 
•re the intersections of the plane 
FEB, with the two parallel planes MN, PQ, they are paralr 
lei (Th ix.); and so also are AD, BC. 

Then, HA i HB : HE ; HF, 
and HA : HB : HD : HC, 

hence, HE : HF : : HD : HO 
II* 
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OF SOLIDS. 



DEFINITIONS 



1. Every solid bounded by planes is called KpolyedroH, 

2. llie planes which bound a polyedron are called faees. 
Tho straight lines in wliich the faces intersect each other, 
are called the edges of the polyedron, and the points at which 
the edges intersect, are called the vertices of the angles, or 
«^ertices of the polyedron. 

8. Two polyedrons are similar, when they are contained by 
the same number of similar planes, and have their polyedral 
angles equal, each to each. 

4. A prism is a solid, whose ends 
arc equal polygons, and whose side 
faces are parallelograms. 

Thus, the prism whose lower base 
is the pentagon ABODE, terminates 
in an equal and parallel pentagon 
FGHIK, which is called the tipper 
base. The side faces of the prism 
are the parallelograms DH, DK, EF, 
AG, and BH. These are called the convex^ or lateral surface 
af th** on 8m / 
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5. Tho altitude of a prism is the distance between its upper 
and lower bases : that is, it is a line drawn from a point of tha 
opper base, perpendicular, to the lower base 



6y A right prism is one in which 
the edges AF, BG, EK, HC, and 
/}/, are perpendicular to the bases. , 
In the right prism, either of the per- 
pendicular edges is equal to the 
altitude. In the oblique prism tho 
altitude is less than the edge. 




7. A prism whose base is a triangle, is called a triangular 
prism ; if the base is a quadrangle, it is called a quadrangulai 
prism ; if a pentagon, a pentagonal prism ; if a hexai^n a 
hexagonal prism ; 6lc. 



8. A prism whose base is a parallelo- 
gram, and all of whose faces are also 
parallelograms, is called a parallelopipe-, 
don. If all the faces are rectangles, it is 
called a rectangular parallelopipedon. 




9. If the faces ot the rectangular par- 
allelopipedon are squares, the solid is 
called a cube: hence, the cube is a prism 
bounded by six equal squares 
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10. A pyramid is a solid, fonned by 
several triangles united at the same 
point Sy and terminating in the dilTcr- 
ent sides of a polygon ABODE. 

The polygon ABCDE, is called the 
base of the pyramid ; the point S, is 
called the vertex, and the triangles 
ASB, BSC, CSD, DSE, and ESA, 
form its lateraU or convex surface. 




11. A p}nramid M'hose base is a triangle, is called a rrtim- 

' gular pyramid; if the base is a quadrangle, it is called a 

quadrangular p}Tamid ; if a pentagon, it is called a petagonaJ 

pjrramid ; if the base is a hexagon, it is called a hexagonal 

pyramid; &c. 



12. The altitude of a p3nramid, is the 
perpendicular let fall from the vertex, 
upon the plane of the base. Thus, 
SO is the altitude of the pyramid 




13. Wlien the base of a pyramid is a regular polygon, and 
the perpendicular SO passes through the middle point of the 
base, the pyramid is called a right pyramid, and the line 
SO is called the axis 



14. The slant height of a right 
pyramid, is a. line drawn from the ver- 
tei, perpendicular to one of the lidea 
of the polygon which forms ita base. 
llius. SF is the slant heigiu of the 
pyramid S~ABCDE. 



15. If from the pyramid S~ABCDE 
ibe pyramid S — aiede be cut off by a 
plane parallel to the base, the remain- 
ing solid, below the plane, is called 
the frustum of a pyramid. 

The altitude of a frustmn is the per- 
pendicular distance between the upper 
tiiil tower planet). 




16. A Vylinder ia a solid, described by 
ihe revolution of a rectangle, AEFD, 
abtmi a fixed side, £F. 

As the rectangle AEFD, turns around 
the side EF, like a door upon its hinges, 
ihe lines AE and FD describo circles, 
ind the lino AD describes the amvex sur- 
Ivx of the cylinder. 

The circle described by the line AE, ia called the loton 
ioMof the cylinder, and the circle described by DF, is railed 
<he upp«r boM. 
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The immovable line EF is called the axis of the cyl index 
A cylinder, therefore, is a romid body with circular ends 



17. If a plane be passed through the 
axis of a cylinder, it will intersect the cylin- 
der in a rectangle, PG, which is double 
the revolving rectangle DJS. 





18. If a cylinder be cut by a plane par- 
ollel to the base, the section will be a cir- 
cle equal to the base. For, while the 
side f C, of the rectangle MC, describes 
the lower base, the equal side MP, will 
describe the circle MLKN, equal to the 
lower base 




19 If a polygon be mscribed in the 
l«wer base of a cylinder, and a corres- 
ponding polygon be inscribed in the upper 
base, and their vertices be joined by 
straight lines, the prism thus formed is 
said to be inscribed in the cylinder. 
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20. A eon« is a solid, described by 
Ihe revolution of a right angled triangle, 
ABC, about one of its sides, CB. 

The circle described by the revolving 
side, AB, is called the base of the cone. 

The bypolhenuae, AC, is called the 
slant height of the cone, and the surface 
described by it, is called the convex 
turfoM of the cone. 

The side of the triangle, CB, which remains fixed, is cslled 
the axis, or altitude of the cone, and the point C, the vertex 
of the cone. 

31. If a cone be cut by a plane par- 
allel to the base, the section will be a 
circle. For, white in the revolution of 
ihe right angled triangle SA C, the line 
CA describes the base of the cone, its 
parallel FG will describe a circle 
FKHI, parallel to the base. If from 
the cone S — CDS. the cone S—FKH 
be taken away, the remaining part is 
called the frustum of the cone 

22. If a polygon be inscribed 
in the base of a cone, and straight 
lines be drawm from its verticoB 
to the vertex of the cone, the pyra- 
mid thus formed is Baid to be in- 
scribed in the cone. Thus, tha 
pyramid S — ABCD is inscribod in 
ihecono 




133 GEOMETRY. 

Of the Spheta. ~ 

23. Two cylinders are similar, when the .liameiers of thei) 
bucB are p/oportional to their altitudes. 

24. Two cones are also aimilai, when the Jiaineters of then 
bases are proportional to their altitudes. 

25. A spkere is a solid terminated by a curved surracc, all 
the points of which aie equally distant from a ceiiain puini 
within called the centre. 

26. The sphere may be described 
by levolving a semicircle, ABD, 
about the diameter AD. The plane 
will describe the solid sphere, and 
the Homi circumference ABD will 
desciibe the surface. 



27. The radius (rf a sphere is a 
Kne drawn from the centre to any 
point of the circumference. Thus, 
CA ia a radius. 



28. The diameter of a sphere is 
a lino passing through the centre, 
and terminated by the circumfer 
ence. I'hua, AD is a diameter 



29. All diameters or a sphere are equal to each other '. arid 
each is double a radius. 

30. The axis of a sphere is any Une about which it ut- 
reives ; and the points at which the axis meets the aurfttii", 
Ufl Called the poles. 



31. A plane b tatigeiU to a sphere 
when it has but one point in com- 
mon with it. Thus, AB is a tan- 
gent plane, touching the sphere at B. 



32. A xone is a portion of the sur- 
face of a sphere, included between 
two parallel planes which fonn its 
bases. Thus, the part of the surface 
included between the planes AE 
and DF is a zone. The bases of 
litis zone are the two circles whose 
diameters are AE and DF 

33. One of the planes which 
bound a zone may become tangent 
(0 the sphere ; in which case the 
zone will have but one base. Thus, 
if one plane be tangent to the sphere 
at A, and another piano cut it in the 
circle DF, the zone included be- 
ttreen them, will have but one base. 
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34. A spherical segment is a portion of the solid sphere in* 
eluded between two parallel planes. These parallel planes 
are it^ bases. If one of the planes is tangent to the sphere, 
ihe segment will have but one base. 

35. The altitude of a zone or segment, is the distance be 
tween the parallel planes which form its bases 



THEOREM I. 

The convex surface of a right prism is equal to the perimeier of 

Us hose multiplied by its altitude. 

Let ABCDE—K be a right 
prism : then will its convex surface 
be equal to 
(AB'\ BC+CD+DE+EA)xAF. 

For, the convex surface is equal 
to the sum of the rectangles AG, 
6H, CI, DK, and EF, which com- 
pose it ; and the area of each rectan- 
gle is equal to the product of its base 
by its altitude. But the altitude of each rectangle is equal to 
the altitude of the prism : hence, their areas, that is, the con- 
vex surface of the prism, is equal to 

{AB+BC+CD+DE+EA)xAF; 

tha. is, equal to the perimeter of the base of the prism multi- 
plied by its altitude. 




THEOREM II. 

7^ convex surface of a cylinder is equal to the cirrumferemee ef 

its base nmlt^sHed by iis altitude 
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Let DB be a cylinder, and AB the 
diameter of ils base : the ciuvex sur- 
face will then be equal U> the altitude 
A I) multijlied by ibe circunirerence 
of ilie base. 

Tor, suppose a regular prism to be 
inst/ibed within the cylinder. Then, 
the convex surface of the priam will b« 
equal to the perimeter of the base mul- 
tiplied by the altitude (Th. i). But the altitude of the prism 
is the same as that of the cylinder ; and if we suppose the 
sides of the polygon, which forms the base of the prism, to 
be indefinitely increased, the polygon will become the circle 
(Bk.lV.Th.xiiii. Sch.), in which case, it« perimeter will become 
the circumference, and the prism will coindde nitb the cylinder. 
But ita convex surface is still eqnal ta the perimeter of its base 
multiplied by its altitude ; hence, the convex surface of a cylin- 
der is equal to the drcnmference of its base mulUpIied by its al- 
litade. 

THGOREU III. 

/« every prism tJtt sections farmed by planes parallel to the has* 
are equal polygons. 

Let j4 G be any prism, and IL a sec- 
tion made by a plane parallel to the 
base AC: then will the polygon IL 
be equal to AC. 

For, the two pluies A C, IL, being 
parallel, the lines AB, IK, in which 
they intersect the plane AF, will also 
be parallel (Bk. V. Th. ix). For a 
lite reason, BC and KL will be par- 



GEOM ETRY. 



Of ( 



P?r. 



) LM, 
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allcl ', also, CD will be parallel U 
and AD to IM. 

But, since AI and BA! are paialleJ, 
the figure AK is a parallelogram: 
hence AB is equal to IK (Bk. 1. 
Th. xxiii). , In the same way it may be 
sliown that BC is equal to KL, CD to 
LM, and AD to IM. 

But, since the sides of the polygon 
AC are respectively parallel to the 
sidoB of the polygon IL, it follows that their corresponding 
Singles are equal (Bk. V. Th. xi], viz., the angle A to the angle 
/, the angle B to K,fho angle C to Z, and the angle Mlo D; 
hence, the polygon IL is equal to AC 

Seh. It was shown in Definition Id, that the section ol a 
cylinder, by a plane parallel to the base, is a circle equal to 
the base. 

TREOREU IT. 

If a pyramid be cut hy a plane paralUl to the hast, 

I. The edges and altitude will be divided proportionally. 

II. The section will be a polygon similar to the base. 
Let the pyramid S—ABCDE, of 

which SO is the altitude, be cut by the 
plane abcde parallel to the base : than 
will, 

Sa : SA :: Sh : SB, 
and the same for the other edges j and 
the polygon abede will be similar to the r 

base ABCDE. 

Firtt. Sineetbeplanes^SCandoAe 
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lire parallel, their intersections, AB, ab, by the plane 8 A B, 
will also be parallel (Bk. V. Th. ix) ; hence^ the trianglea 
SAB, sab, axe similar, and we have 

SJ Sa :: SB : Sb ; 

Iji a similar reason, we ha^e 

SB : Sb : SC : Sc\ 

end the same for the other edges • hence, the edges SA, SB, 
SC, &c., are cut proportionally at the points a, b, c, <&c. 
The altitude 50 is likewise cut proportionally at the point 
The altitude SO is likewise cut in the same proportion at 
the point o; for, since ^0 is parallel to bo, we have 

SO : So :: SB : Sb. 

Secondly. Since ab is parallel to AB, be to BC, cd to CD 
&c, ; the angle abc is equal to ABC, the angle bed to BCD 
and so on (Bk. V. Th. xi). 

Also, by reason of the similar triangles, SAB, Sab, we have 

AB : ab : SB : Sb, 

and by reason of the similar triangles SBC, Sbe, we have 

SB : Sb :: BC : be; 
hence (Bk III. Th. v), 

AB : ab :: BC : be; 
and for a similar reason, we also have 

BC : be : : CD : ed, &c. 

Hence, tne polygons ABCDE, abcde, having their angles 
respectively equal, and their homologous sides jroportionaL 
are similar. i 
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TIIEOREU V. 

If tiBO pyramids, htomg equal altitudes and lAeir bases in (Ai 
tam« plant, be intersected by planes parallel to the plane of iht 
bases, the sections in each pyramid tetille proportional to the baaea 

Let S— ABODE, and 
S—XYZ, be two pyia- 
mida, having a common 
vettox, and their bases sit- 
uated in the same plane, 
[f these pyramids are cut 
by a plane parallel to tbe 
plane of their bases, giv- 
ing the sections abedt, 
tyz, then will the sections 
tbcde, xyz, be to each other as the bases ABCDE, XYZ. 

For, tbe polygons ABCDE, abede, being similar, their sur- 
faces aro as the squares of the homologotis sides AB, ai: 
but AB : ab : : SA : Sa ; 

hence, ABCDE : abcde : : S5* : 5? 

For the same reason, 

XYZ : ityt :: SJt* : S?. 
But since afic and xyz are in one plane, the lines SA, 8a, SX, 
Sj, are proportional to SO, So : (Bk. V.Th. xii. Cor.), therefore, 
' SA : Sa :: SX : Sx: 

hence, ABCDE : ahede : : XYZ : ay». 
eonsequenily, the sections abcde, xyx, are to each other u the 
bases ABCDE, XYZ. 

Cot. If the bases ABCDE, X¥Z,aie equivalent, any sec- 
linns abcde, xyz, made at equal distances from the bases, will 
be also equivalent 
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The eonMcx sarface of a righ.1 pyramid is equal to half th* fnn 
dvct of the perimeter of its base multiplied by the slant height 

Let S— ABODE bo a light pyra- 
mid, SF its slant height : then vill its 
convex surface be equal to half the 
product 

For, since the pyramid is right, the 
paint O, in whicb the axis meets the 
base, is the centre of the polygon 
ABODE ; hence, the lines OA, OB, 
&c drawn to the vertices of the base, 
are equal (Bk. IV. prob, x.Cor). 

Now, in the right angled triaugles SAO, SBO, the bases 
and perpendiculars are equal ; hence, the hypolhenusea are 
equal; and in the same way it maybe proved thai all the 
edges of the pyramid are equal. The triangles, thererore, 
which form the convex surface of the prism, are all equal tn 
each other. 

But the area of either of these triangles, as SAB, is equal 
lo half the product of the base AB, by the slant height of the 
(lyramid SF: benre, the area of all the triangles, which form 
die convex surface of the pyramid, is equal to half the product 
of the pcrimeuir of the base by the slant height 

THEOREM VII. 

The convex snrfaee of the frustum of a regular pyramid it 
equal to half the sum of the perimeters of the upper and lower 
bases multiplied by the slant height. 
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Let a — ABODE be the frustum of a 
regular pyramid : then will its convex 
surface be equal to half the product of 
the perimeter of its two bases multi- 
plied by the slant height Ff, 

For, since the upper base abcde^ is 
similar to the lower base ABCDE 
(Th. iv), and since ABCDE is a regular polygon, it follows 
that the sides aby be, cd, de, and ea, are all equal to each other. 

Hence, the trapezoids EAae, ABha^ <&c., which form the 
convex surface of the frustum are equal. But the perpen- 
dicular distance between the parallel sides of these trapezoids 
is equal to Ef, the slant height of the frustum. 

Now, the area of either of the trapezoids, as AEea, is equal 
to half the product of Ffx (EA+ea) (Bk. IV. Th. x) : hence, 
the area of all of them, that is, the convex surface of the 
frustum, is equal to half the sum of the perimeters of the 
upper and lower bases, midtiplied by the slant height 



THEOREM VIII. 

The convex surface of a cone ts equal to half the product of th* 
circumference of the base multiplied by the slant height. 

In the circle which forms the base 
of the cone, inscribe a regular poly- 
gon, and join the vertices with the 
vertex S, of the cone We shall 
then have a right pyramid in- 
scribed in the cone. 

The convex surface of this pyra- 
mid will be enual to half the product 
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of the perimeter of the base by the 
slant height (Th. vi). 

Let us now suppose the number 
of sides of the polygon to be indefi- 
nitely increased: the polygon will 
then coincide with the base of the 
cone, the pyramid will become the 
cone, and the line Sf which meas- 
nres the slant height of the pyramid, 
will then measure the slant height 
of the cone. 

Hence, the convex surface of the cone is equal to half tbe 
product of the slant height by the circumference of the base. 




THEOREM IX. 

The convex surface of the frustum of a cone is equal to half 
the sum of the circumferences of its two bases makipUed by tkt 
slant height. 

For, if we suppose the frustum of 
a right pyramid to be inscribed in 
the frustum of a cone, its convex 
surface will be equal to half the pro- 
duct of its slant height by the perim- 
eters of its two bases. But if we 
inciease the number of sides of the 

polygon indefinitely, the frustum of the pyramid will become 
tfce frustum of the cone : hence, the area of the frustum of the 
eone is equal to half the sum of the circumferences of its two 
bfises multiplied by the slant height 
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THEOREM X. 

Two rectangular parallelopipedons^ having equal alHtudes and 

equal hoses, are equal. 

Let E — ABCDy and F — KGHI, be two rectangular pai 
allelopipedons having equal j g 







t^^ 



bases, A C and KHj and equal 
altitudes, AE and KF: then 
will they be equal. 

For, apply the base of the 
one parallelopipedon to that S & u H 

of the other, and since the bases are equal, they will coincide 

Again, since the edges are perpendicular to the bases, the 
edges of the one parallelopipedon will coincide with those of 
the other; and since the altitude AE is equal to KF, the 
planes of the upper bases will coincide. Hence, the paral- 
lelopipedons will coincide, and consequently they are equal 



THEOREM XI. 

Two rectangular par allelopipedons, which have the same base^ are 

to each other as their altitudes. 

Let the parallel opipedons AG, AL, 
have the same base BD, then will they 
be to each other as their altitudes AE 
AL 

Suppose the altitudes AE, AT, Xo 
be to each other as two whole num- 
bers, as 15 is to 8, for example. Di- 
vide AE into 15 equal parts, whereof 
Al will contain 8 ; and through x, y, m, 
dec, the points of division, draw planes 
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parallel to the base. These planes 
will cut the solid AG into 15 partial 
paiallelopipcdons, all equal to each 
Other, because they have equal bases 
iLnd equal altitudes — equal bases, since 
every section, IL, made parallel to 
the base BD^ of a prism, is equaJ 
to that base ; equal altitudes, because 
the altitudes are the equal divisions Ax, 
xy, yz, &c. But of these 15 equal par- 
allelopipcdons, 8 are contained inAL; 
hence, solid AG : solid AL : 
or generally, 

solid AG : solid AL 







15 



AE 



8 



AL 



THEOREM XII. 



Two regular paraUelopipedons, having the same altitude^ are to 

each other as their bases. 



Let the parallelopipe- 
dons AG, AK, have the 
same altitude AE; then 
wiU they be to each 
other as their bases AC, 
AN. 

Having placed the two 
solids by the side of each 
other, as the figure re- 
presents, produce the 
plane ONKL until it 
meets the plane DCGH 
in PQ; you will thus 



f^ril 
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have a third parallelo- 

pipedon AQ, which may 

be compared with each 

of the parallelopipedons 

A G, AK. The two sol- 
ids AG,AQy having the 

same base AEHD, are 

to each other as their 

altitudes AB, AO; in 

like manner, the two 

solids AQ AK, having 

the same base AOLE, 

are to each other as their 

altitudes AD^ AM, 

Hence, we have the two proportions, 

solid AG : solid AQ : : AB 
solid AQ : solid AK : : AD 



M;- 




AO, 

AM. 



Multiplying together the corresponding terras of these pro- 
portions, and omitting the common midtiplier solid AQ^ we hare 

solid AG : solid A K :: ABxAD : AOxAM. 
BvXABxAD represents the base ABCD ; and AOxAM 
represents the base AMNO: hence, two rectangular parallel- 
opipedons of the same altitude are to each other as their bases. 

THEOREM XIII. 

Any two rectangular parallelopidedons are to each other as tht 
products of their three dimensions. 

For, having placed the two solids AG, AZ, (see next figure) 
60 that their surfaces have the common angle BAE, produce 
the planes necessary for completing the third parallelopipcdon 
A K, having the same altitude with the parallelopipedon A G 
Bv the last proposition we shall have the proportion, 
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9olU AG 



solid AK 



m » 



ABCD 



AMNO 



But the two paral- 
lelopipedons AK, AZ, 
haying the same base 
AMNO, are to each 
other as their altitudes 
AEf AX; hence, we 
have 




solid AK : solid AZ : : AE : AX, 

Multiplying together the corresponding terms of these pro- 
portions, and omitting in the result the common multipliei 
solid AK, we shall have 

solid AG . solid AZ : : ABCDxAE : AMNO x AX, 

Instead of the bases ABCD and AMNO, put ABxAD 
and AOxAM, and we have 

tolidAG : solid'AZ •: ABxADxAE : AOxAMxAX. 

Hence, any two rectangular parallelopipedons are to each 
othrr as the product of their three dimensions. 

Sck, We are consequently authorized to assume, as the 
measure of a rectangular parallelopipedon, the product of its 
throe dimensions. 

In order to comprehend the nature of this measurement, it 

is necessary to reflect, that the number of linear units in one 
13 
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dimention of the base multiplied by the numbeioriinoai uiiits 
of the other dimension of the base, will ^ve the number ol 
superficial units in the base of the puallelopipedun (Bk. 1 V 
Th. vi. Sch). For each unit in height, there are evidently as 
many solid units aa there are superficial units in the base, 
"niorefore, the product of the number of superddal units in the 
base multiplied by the number of linear units in tlie allitiido 
is the number of Bolid units in the parallelopipedon. 

If the three dimensions of another parallelopipedon are valund 
according to the same linear unit, and multiplied together ir 
the same manner, the two products will be to eaca other at. 
the eolids, and will serve to express their relative mE^fnitiido 

Let us illustTEte this by an example. 

Let ABCD be the base of a 
parallelopipedon, and suppose 
AB=4 feet, and BC=3 feet. 
Then the number of squure feet 
tn the base ABCD will be equal 
to 3x4=12 square feet 

Therefore, 12 equal cubes of I 
foot each, may be placed by the ' ~ 

side of each other on the base. If the parallelopipedon be 1 
foot in height, it tvill contain 12 cubic feet ; were it 2 feet in 
height, it would contain two tiers of cut es, or 24 cubic feet; 
were it 3 feet in height, it would contain three tiers of cubes, 
or 36 cubic feet. 

The magnitude of a solid, its volume or extent, forms what 
is called its solidity ; and this word is exclusively employed 
to deaignaia the measure of a solid ; thus, we say the s jUdity 
of a rectangular paxallelopipedon is equal to the product of ite 
base by its altitude, or to the product of its three dimeoBiona 
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As the cnhe has all its three dimensions oqual, if the aide 
is 1, the solidity will be 1 X 1 X 1 = 1 : if the sid« it 2, the 
wlidity will be 2x3x2=8; it the side is 3, the solidity 
mti be 3x3x3=27; and so on: hence, if the sides of ■ 
Eeriee of cubes are to each other as the numbers 1, 2, 3, ite. 
the cubes themselves, or their solidities, will be as the Dum- 
bera 1, 8, 37, &c. Hence it is, that in arithmetic, tlie eabe of 
& munber is the name given to a product which results from 
three factors, each equal to this number. 

THEOREM XIV. 

[f a paraUehptpedon, a pnsm, and a cylinder, have e^ivaUnl 

bases and egvai altitudes, they vnll be equivalent. 

Let F—ABCD, be a parallelopipedon ; F— ABODE, a 

prism; and D — ABC, a cylinder, having equivalent bases 

and equal altitudes : then n-iU they be equivalent. 






ff-t 

For, smce their bases are equivalent they will contain lh« 
some number of imila of surface (Bk. IV. Def. 9). Now 
for each unit of height there will be one tier of equal cubei 
in esch solid, and since the altitudes are equal, the number o 
lioiG in oach solid will be equal : hence, the solidities will In 
equal, and therefore the solids will be equivalent. 

Cor Hence, we conclude, that the solidity of a prism < 
oylnidor is equal ti the aioa of its base multiplied by i\< 
altitude. 
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THEOREM XV. 

Tvio iriangular pyramids, having eguicalerit baaet ami rqtuil 
aititudes, are eqaivalerU, or tqual in toliditjf. 




Let their equivalent bases, ABC, abe, bo eituated in the 
nine plane, and let AT be their common altitude. If they 
BTO not equivalent, let S — abe be the smaller ; and suppose 
Aa to be the altitude of a priRm, which, having ABC for its 
base, is equal to their difference. 

Divide the altitude AT into equal parts Ax, xy, y*, Ac. 
Mch less than j4.ii, and let i be one of those parts : through 
die points of division pass planes parallel to the plane of the 
hases : the corresponding sections fanned by these planes in 
the two pjTamids wiU be respectively equivalent, namely 
DEF to Aef, GHI lo gki, &c. (Th. v. Cor.) 
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This being granted, upon the triangles ABC, DEF, GHl, 
^c, taken as bases, construct exterior prisms having for 
edges the parts AD^ DG, GR, &c., of the edge SA ; in like 
manner, on bases def, ghi, klm, &c , in the second pyramidl. 
construct interior prisms, having for edges the corresponding 
parts of Sa. It is plain that the sum of the exterior prisms d 
the pyramid 5 — ABC will be greater than the pyramid; while 
the sum of the interior prisms of the pyramid <S — abc, will be 
less than the p3rramid. Hence, the difference between these 
sums will be greater than the difference between the pyramids. 

Now, beginning with the bases ABC, abc, the second ex- 
terior prism JSFD — G is equivalent to the first interior prism 
efd — a, because they have the same altitude k, and their bases 
DEF, def, are equivalent ; for like reasons, the third exterior 
prism ffIG — K, and the second interior prism hiff — d, are 
equivalent ; the fourth exterior and the third interior ; and so 
on, to the last of each series. Hence, all the exterior prisms 
of the pyramid 5 — ABC, excepting the first prism BCA — D, 
have equivalent corresponding ones in the interior prisms oi 
the pjrramid 5* — abc: hence, the prism BCA — D is the differ- 
ence between the sum of all the exterior prisms of the pyramid 
S — ABC, and of the interior prisms of the p)rramid S — abc 
Bat this difference has already been proved to be greater than 
that of the two pyramids : which, by supposition, differ by 
the prism a — ABC: hence, the prism BCA — D, must be 
greater than the prism a — ABC. But in reality it is less, foi 
they have the same base ABC, and the altitude Ax, of the 
first, is less than Aa, the altitude of the second. Hence, the 
supposed inequality between the two pyramids cannot exist; 
hence, the two pyramids; S — ABC, S — abc, having equal al* 
titiides and equivalent bases, are themselves equivalent. 

13* 



150 



GEOMETRY. 



Of Triangular Pyramide 




THEOREM XVI. 

Every triangular pyramid is a third part of a tnangulat prism 
which has an equal base and the same altitude. 

Let F—ABC be a trian- 
gular pyramid, AB C — DEF 
u triangular prism of the 
same base and the same al- 
titude : the pyramid will be 
equal to a third of the prism. 

Cut off the pyramid F — 
ABC from the prism, by the 
plane FACi there will re- 
main the solid F—A CDE, 
which may be considered 
as a quadrangular pyramid, whose vertex is F, and wiioso 
base is the parallelogram ACDE, Draw the diagonal CE, 
and pass the plane FCE, which will cut the quadrangular 
pyramid into two triangular ones, F-ACE, F-CDE. These 
two triangular pyramids have for their common altitude the 
perpendicular let fall from F on the plane ACDE; and 
their bases are also equal, being halves of the parallelogram 
AD: hence, the pyramid F-ACE, and the pjrramid F-CDE, 
are equivalent (Th. xv). 

But the pyramid F — CDE, and the pyramid F — ABC, have 
equal bases, ABC, DEF; they have also the same altitude, 
namely, the distance between the parallel planes ABC, DEF, 
honce, the two pyramids are equivalent. Now, the pyramid 
P — CDE has already been proved equivalent to F — ACE ; 
hence, the thr^e pyramids F—ABC, F—CDE, F—ACE, 
which compose the prism ABC — DEF are all equivalent 



BO O K V I. ISl 

SolMity of the Pyramid. 

Hence, the pyramid F — ABC is iho third part of iho prisra 

ABC — DEF, which has an equ&l baae and the same altilude. 

Cbr. The Bolidity of a triaufular pyramid is equal to a thiid 

larl of the product of its base by its altitude. 

TIIEORBH XVII. 

Tke aolidilif of every pyramid is equal to the base mult^^bed ^ 

a third of tha altitude. 

Let S—ABCDE be a pyramid. 

Pass the planes SEB, SEC through 
the diagonals EB, EC ; the polygonal 
pyramid S—ABCDE will be divided 
into several triangular pyramids all 
baTJng the same Altitude SO. But 
each of these pyramids is measured by 
multiplying its base ABE, BCE, or 
CDE, by the third part of its altitude 
SO (Th. xvi. Cor.); hence the sum 

of these triangular pyramids, or the polygonal pyramii] 
S — ABODE, will be measured by the sum of the triangles 
ABE, BCE, ODE, or the polygon ABODE, multiplied by 
one third of SO. 

Cor. 1. Every pyramid is the third part of the prism which 
hiB the same base and the same altitude. 

Cor. 2. Two pyramids having the same altitude, are tn 
each oiber as their bases. 

(V. 3. Two pyramids having equivalent bases, are to eai^ 
mlier as their altitudes. 

Cot. 4. Pyramids are to each other as the products of theJi 
bases by their altitudes. 
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Solidity of the Cone. 




THEOREM XVIII. 

7%e solidity of a cone \'s equal to one third of the product oftTu 

base multiplied by the altitude. 

Let ABODE be the base, S the 
vertex^ and SO the altitude of the 
cone : then will its solidity be equal 
€0 one third the product of its base 
by its altitude SO, 

Inscribe in the base of the cone 
any regular polygon, ABdDE, and 
join the vertices A, B, C, &c., with 
the vertex S, of the cone ; then will 
there be inscribed in the cone a right pyramid, having 
for its base the polygon ABODE. The solidity of this 
pyramid is equal to one third of tha base multiplied by the 
altitude (Th. xvii). 

Let now, the number of sides of the polygon be indefinitely 
increased : the polygon will then become equal to the circle, 
and the p3rramid and cone will coincide and become equal. 
But the solidity of the pyramid will still be equal to one third 
of the product of the base multiplied by the altitude, whatever 
be the number of sides of the polygon which forms its base ; 
hence, the solidity of the cone is equal to one third of the 
product of its base multiplied by its altitude. 

Cor* 1. A cone is the third part of a cylinder having the 
same base and the same altitude ; whence it follows : 

1st, That cones of equal altitudes are to each other as theii 
bases. 

2nd, That cones of equal bases are to each other aa their 
altitudes. 



Car. 2. The solidity of ■ cone is eqiUTalent to the solidit; 
of ■ pyramid having an equiralent base and the same altititde. 



THEOREM XIX 

Similar prwms an to tacKother tu tkt «t6e« of iheir homologou* 

edgaa. 





> 6 



Let ABC— D, EFG~H be 
nmilBT prisms: then we shall 



aMiAD : solid EH :i ifl* : EF'; 
or mUd AD : tidid EH : : C5* : /TO*; 
or, the solids will be to each other as the cubes of any othei 
of their homologous edges. 

For, the solids are to each other as the products of thsii 
baaes and altitudes (Th. idv. Goi.), that is, 
ktid ABC-D : idid EFG-H : : ABC X CD : EFG x GH. 
but the bases being similar polygons are to each other as the 
squares of their like sides (Bit. IV. Th. xxi) ; that is, 

ABC : EFQ -. ; ^45* : £F*, 
iherefon, 
»U ABO-D I MoUd EFG-H : • IffxCD : EfxGH 
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But since the solids are simi- 
lar, the parallelograms BD and 
FHslto similar (Def. 3) : hence, 
CD and GH are proportional to 
BC and FG^ and consequently 
to AB and EF: hence, we have, 




: AB'xAB : 




XER 



solid ABC-D : solid EFG-H 
that is, 

solid ABC-D : solid EFG^H : : aW : EP; 

and in a similar manner it may be shown that the solids 
are to e.ach other as the cubes of any other homologous edges. 

Cor. Since cylinders are to each other as the product of 
their bases and altitudes (Th. xiv. Cor.), it follows that similai 
cylinders are to each other as the cubes of the linear dimen 
sions. 

THEOREM XX. 

Every section of a sphere^ made hy a plane, is a circle. 

Let AMB be a section, made by 
Q plane, in the sphere whose cen- 
tre is C. 

From the centre C draw CO, 
perpendicular to the plane AMB, 
and also draw the lines CA, CM, 
Ac, to the points of the curve 
AMB, which terminate the sec- 
tion, and join OA^ OM, Sie, 
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Then, since CO is perdendic- 
olar to tho plane AMB^ the an- 
gles COA, COM &c., will be 
right angles, and since the radii 
of the sphere are all equal, the 
right angled triangles CA O, COMf 
^c, will have the hypothenuses 
equal, and the side CO common : 
hence, the remaining sides will be equal (Bk. I. Th. xiz). 
Therefore, all lines drawn from O to any point of the curve 
AMB are equal : hence AMB is a circle. 

Cor, 1. If the section passes through the centre of the 
sphere, its radius will be the radius of the sphere : hence, all 
great circles are equal. 

Cor, 2. Two great circles always bisect each other ; for 
their common intersection, passing through the centre, is a 

diameter. 

Cor, 3. Every great circle divides the sphere and its sur- 
fi&ce into two equal parts : for, if the two hemispheres were 
separated id afterwards placed on the common base, with 
their convexities turned the same way, the two surfaces would 
exactly coincide, no point of the one being nearer the centte 
than any point of the other. 

Cor. 4. The centre of a smaU circle, and that of tho sphere, 
are in the same straight line, perpendicular to the plane of the 
small circle 

Cor. 5. Small circles are the less the farther they lie .from 
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the centre of the sphere ; for the greater CO is, the less is 
the chord AB^ the diameter of the small circle AMB 

THEOREM XXI. 

Every plane perpendicular to a radius rj its extremity is taiv 

gent to the sphere. 

Let FA G be a plane perpen- 
dicular to the radius OA^ at its 
extremity A, kay point Jtf, in 
this plane, being assumed, and 
OAf, AM^ being drawn, the an- 
gle 0AM will be a right angle, 
and hence, the distance OM will 
be greater than OA, Hence, 
the point M lies without the sphere ; and as the same can be 
shown for every other point of the plane FAG^ this plane can 
have no point but A common to it and the surface of the 
sphere ; hence it is a tangent plane (Def. 31). 

Sch, In the same way it may be shown, that two spheres 
have but one point in common, and therefore touch each 
other, when the distance between their centres is equal to the 
sum, or the difference of their radii; in either case, the 
centres and the point of contact lie in the same straight Una 

THEOREM XXII. 

If a regular semi-polygon be revolved about a Itne passmg 
through the centre and the vertices of two opposite angles^ ths 
surface described by its perimeter wUl be equal to the axis muUi 
plied' by t?te circumference of the inscribed eircU. 
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Suppose the regular semi-polygon 
ABODE to be revolved about the line 
AF as an axia : then wiU the surface 
described by its perimeter be equal to 
AF multiplied by the circumference of 
the inscribed circle. 

From E and 2), the extremities of 
uTie of the equal sides, let fall the per- 
pendiculars EH, DI, on the axis AF, 
and from the centre 0, draw ON per- 
pendicular to the side DE: ON will then be the radius of the 
inscribed circle (Bk. IV. Prob. x). 

Let us first find the measure of the sturface described by 
one of the equal sides, as DE. 

From N, the middle point of DE, draw NM perpendicular 
to the axis AF, and through E, draw EK, parallel to it, mect- 
ingr MN in S. 

Then, since EN is half of ED, NS will be half of DK 
(Rk. IV. Th. xiii) : and hence, NM is equal to half the sum 
of EH+DL 

But, since the circumferences of circles are to each other as 
their diameters (Bk. IV. Th. xxiv), or as their radii, the 
halves of the diameters, we shall have the circumference do- 
scribed by the point N, equal to half the sum of the circum- 
ferences described by the points D and E. 

But in the revolution of the polvgon the line ED describes 
the siuface of the frustum of a cone, the measure of which is 
equal to DE multiplied into half the sum of the circumfe- 
rences of the two bases (Th. ix) ; that is, equal to DE into 

the circumference described by the point N 

14 
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But, the triangle ENS is similar to 
SNT (Bk. IV. Th. xviii), and also to 
EDK^ and since TNS is similar to 
ONM, it follows that EDK and ONM 
are similar ; hence, 




ED : EK ox HI 11 ON I NM,, 

or ED : HI : : circumference ON : circumference MN 

consequently, 

ED X circumference MN=. HI x circumference ON, 

that is, ED multiplied into the circumference of the circle de- 
scribed with the radius NM, is equal to HI into the circimi- 
ference of the circle described with the radius ON But the 
former is equal to the surface described by the line ED in the 
revolution of the polygon about the axis AF; hence, the latter 
is equal to the same area ; and since the same may be shown 
for each of the other sides, it is plain that the surface des- 
cribed by the entire perimeter is equal to 

(FH+HI+IP+PQ+QA)xcir'f ONz=AFxcir'f ON 

Cor. The surface described by any portion of the perim- 
eter, as EDC, is equal to the distance between the two per- 
pendiculars let fall from its extremities, on the axis, multiplied 
by the circumference of the inscribed circle. For, the suiv 
face described by DE is equal to /T/x circumference ON. 
and the surface described by DC is equal to /Pxyircumfe- 
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ronce ON: hence, the surface described by £i)+ZX7, is equal 
Co (^/+/P)X circumference ON, or equal to ffPxciicuni* 
Terence ON. 




THEOREM XXIII. 

The surface of a sphere ts equal to the product of its diameter 
by the circumference of a great circle. 

Let ABODE be a semicircle. In- 
scribe in it any regular semi-polygon, 
and from the centre O draw OF per- 
pendicular to one of the sides. 

Let the semicircle and the semi- 
polygon be revolved about the axis 
AE: the semicircumference ABODE 
will describe the surface of a sphere * 
(Def. 26) ; and the perimeter of the 
somi-polygon will describe a surface 
which has for its measure AE x cir- 
cumference OF (Th. xxii) ; and this will be true whatever bo 
Che number of sides of the polygon. But if the number ol 
Bides of the polygon be indefinitely increased, its perimeter 
will coincide with the circumference ABODE, the perpen- 
dicular OF will become equal to OE, and the surface de- 
scribed by the perimeter of the semi-polygon will then bo the 
same as that described by the semicircumference ABODE 
Hence, the surface of the sphere is equal to AE X circum 
ference OE. 

Cer Since the area of a great circle is equal to the product 
of its circumference by half the radius, or by one-fourth o( 
the diameter (Bk. lY. Th. xxvii), it follows thai the surface 
of a sphere is equal to four of its great circles. 
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Of the Zone. 




THEOREM XXIY. 

The surface of a zone is equal to its altitude multiplied by 

the circumference of a great circle. 

For, the surface described by any 
portion of the perimeter of the in- 
scribed polygon, as BC+CD is equal 
to £i/x circumference OF (Th. xxii. 
Cor). But when the number of sides 
of the polygon is indefinitely increased, 
BC+ CD, becomes the arc BCD, OF 
becomes equal to OA, and the surface 
described by BC+CD, becomes the 
surface of the zone described by the 
arc BCD: hence, the surface of the 
' zone is equal to EHx circiunference 
OA. 

Sch. 1. When the zone has but one base, as the zone do 
scribed by the arc ABCD, its surface will still be equal to 
tho altitude AE multiplied by the circumference of a greal 
circle. 

Sch. 2. Two zones taken in the same sphere, or in equal 
spheres, are to each other as their altitudes ; and any zone is 
to the surface of the sphere as the altitude of the zone is to 
the diameter of the sr here. 



THEOREM XXY. 

The solidity of a sphere is equal to one third of the product y 

the surface multiplied hy the radius. 

For. conceive a polyedron to be inscribed in the sphere* 
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This polyedron may be considered as formed of p3rraiiud8, each 
having for its vertex the centre of the sphere, and for its ba«e 
one of the faces of the polyedron. Now, the solidity of each 
pyramid, will be equal to one third of the product of its base 
by its altitude (Th. xni). 

But if we suppose the faces of the polyedron to be coniinu* 
ally diminished, and consequently, the number of the pyra- 
mids to be constantly increased, the polyedron will finally 
become tlie sphere, and the bases of all the pyramids will 
become the surface of the sphere. When this takes place, 
the solidities of the pyramids will still be equal to one third 
the product of the bases by the common altitude, which w ill 
then be equal to the radius of the sphere. 

Hence, the solidity of a sphere is equal to one third of the 
product of the surface bv the radius. 



THEOREM XXYI. 

The surface of a sphere is equal to the convex surface of the 
circumscribing cylinder ; and the solidity of the sphere is two 
thirds the solidity of the circumscribing cylinder. 

Let MPNQ be a great circle of 
the sphere ; ABCD the circum- 
scribing square : if the semicircle 
PiltfQ, and the half square PADQ, 
are at the same time made to re- 
volve about the diameter PQy the 
Bemicircle will describe the sphere, 
while the half square will describe 
the c/inder circumscribed about 
that sphere. 

The altitude AD, of the cylinder, is equal to the diameter 
14» 
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PQ; tho base of the cylinder is 
equal to the great circle, since its 
diameter AB is equal MN; hence, 
tlic convex surface of the cylin- 
der is equal to the circumference 
of the great circle multiplied by 
its diameter (Th. ii). This meas- 
lure is the same as that of the sur- 
face of the sphere (Th. xxiii) : 
hence the surface of the sphere is equal to the convex sur* 
face of tlie circumscribing cylinder. 

In the next place, since the base of tho circumscribing 
cylinder is equal to a great circle, and its altitude to the di- 
ameter, the solidity of the cylinder will be equal to a great 
circle multiplied by a diameter (Th. xiv. Cor). But the so- 
lidity of the sphere is equal to its surface multiplied by a third 
of its radius ; and since the surface is equal to four great 
circles (Th. xxiii. Cor.), the solidity is equal to four great cir- 
cles multiplied by a third of the radius ; in other words, to 
one great circle multiplied by four-thirds of the radius, or 
by two-thirds of the diameter j hence, tho sphere is two-thirds 
of the circumscribing cylinder. 
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APPENDIX 
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A r^tar polyednm, is one whose faces are all equal poly- 
gons wd "J'we polycdral angles are equal- Th«re are fiw 
inch solids. 

1. Tho T^traednm, or equilateral pyramid, is a solid bounded 
ty four equal triangloe. 




a. The htxa^dron or cube, is a solid, bourded by six equd 



3 The oclaedron, is a solid, bounded by cighi equal equi- 

Istcral triangloB. 
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4. Th« dodttaedron, is a solid bounded by twelvo oqna] 
pentagona 



5. The teoaatdron, is a solid, bounded by twon^ equal 
equilmleral triangles. 



6. Tho regular solids may easily be made of pasteboud. 

Draw tbe figures of the regular solids accurately on paste 
board, and then cut tlirough the bounding lines : this will give 
figures of pasteboard similar to the diagrams. Then, cut 
the other lines half through the pasteboard, after which, turn 
up the parts, and ^ue them together, and yon will form the 
bodies which have been described. 
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INTRODUCTION. 



SECTION I. 



OF LOOAftlTHlCB. 



1. Tlie logarithm of a number is the exponent of the power 
to which it is necessary to raise a Jixed number, in order to 
j^uce the first numJ>er, 

This fixed number is called the base of the syBtem, and may 
beany number except 1 : in the common system 10 is assnmod 
B8 tho bcise. 

2. If we form those powers of 10, which are denoted by entire 
exponents, we shall have 

10^ = 1 10* = 10 , lO' = 1000 

lO' = 100 , 10* = 10000, Ac. Arc 
From the above table, it is plain, that 0, 1, 2, 8, 4, Ac, are re- 
spectively the logarithms of 1, 10, 100, 1000, 10000, Ac; we 
ako see that the logarithm of any number between 1 and 10 is 
greater than «ad less than 1 : thus 

Log 2=0.801030 
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The logarithm of any number greater than 10, and less than 
100, is greater than 1 and less than 2 : thus 

Log 60 = 1.698970 

The logarithm of any number greater than 100, and less thav 
1000, is greater than 2 and less than 3 : thus 

Log 126 - 2.100371, Ac 

If the above principles be extended to other numbers, it will 
appear,, that the logarithm of any number, not an exact power 
of ten, is made up of two parts, an entire and a decimal part. 
The entire part is called the characteristic of the logarithm^ 
and is always one less than the number of places of figures in the 
given number. 

3. The principal use of logarithms, is to abridge numerical 
oomputations. 

Let M denote any number, and let its logarithm be denoted 
by m ; also let JV donote a second number whose logarithm if 
ft ; then from the definition we shall have 

10* = M (1) lo' = N (2) 

Multiplying equations (1). and (2), member by member, we 
have 

lO"^' = MxN or, m+n = log MxN': hence, 
Tho sum of the logarithms of any ttoo numbers is equal to 
the logarithm of their product. 

Dividing equation (1) by equation (2), member by member, 
we have 

10 = -TIT ^h *» — » = log -rs.: hence, 

Tlie logarithm of the quotient of two numbers^ is equal to the 
logarithm of the dividend diminished hif the logarithm of the 
divisor. 



INTRODUCTION. 107 



Of Logarithms. 



4. Since the logarithm of 10 u I, the logarithm of the product 
of any number by 10, vnll be greater by 1 than the logarithm <^ 
that number ; also, the logarithm of any number divided by 10^ 
will be less by 1 than the logarithm of that number. 

Similarly, it may be shows that the logarithm of any number 
mnliiplied by a hundred, is greater by 2 than the logarithm of 
that number, and the logarithm of any number divided by 100 
ifi lees by 2, than the logarithm of that number, and so on. 

l^XAMFLES. 



log 327 


is 


2.614648 


log 32.7 


u 


1.614648 


log 3.27 


tt 


0.614648 


log .327 


u 


1.614548 


log .0327 


tt 


2.614648 



ifrom the above examples, we see, that in a number composed 
of an entire and decimal part, we may change the place of th» 
decimal point without changing the decimal part of the logarithm -, 
but the characteristic is diminished by 1 for every pla>ce that ths 
decimal point is removed to the left. 

In the logarithm of a decimal, the characteristic becomes nega- 
tive, and is numerically 1 greater than the number of ciphers im- 
mediately after the decimal point. The negative sign extends 
only to the characteristic, and is written over it as in the exam- 
ples given above. 

TABLE OF LOGARITHMS. 

6. A table of logarithms, is a table in which are wrtt«n the 
logarithms of all numbers between 1 and some given numlwr. 
The logarithms of all numbers between 1 and 10,000 are given 
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in the annexed table. Since rules have been given for determin- 
ing the characteristics of logarithms bj simple inspection, it haa 
not been deemed necessary to write them in the table, the deci- 
mal part only being given. The characteiistic, however, is given 
for all numbers less than 100. 

The left hand column of each page of the table, is the column 
of numbers, and is designated by the letter N ; the logarithms 
of these numbers are placed opposite them on the same hori- 
zontal line. The last column on each page, headed D, shows the 
difference between the logarithms of two consecutive numbers. 
This difference is found by subtracting the logarithm under the 
column headed 4, from the one in the column headed 5 in the 
same horizontal line, and is nearly a mean of the differences 
of any two consecutive logarithms on the line. 

6. To find from, the table the logarithm of any number. 

If the numb^ is less than 100, look on the firat page of the 
table, in the column of numbers under N, until the number ii 
found : the number opposite is the logarithm sought : Thus 

log 9 = 0.954243 

7. When the number is greater than 100 and less than 10000. 
Find in the column of numbers, the first three figures of the 

given number. Then pass across the page along a horizontal 
line until you come into the column under the fourth figure of 
the given number : at this place, there are four figures of the 
required logarithm, to which two figures taken from the column 
marked 0, are to be prefixed. 

If the four figures already found stand opposite a row of six 
figures in the column marked 0, the two left hand figures of 
the six, are the two to be prefixed ; but if they stand oppoeite 
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A row of only four figures, you ascend the colamn till yoa And 
a row of six figures ; the two left hand figures of this row are 
the two to be prefixed. If you prefix to the decimal part thus 
found, the characteristic, you will have the logarithm sought: 
Thus, 

log 8979 = S.953228 

log .08979 = 2.963228 

If however in passing back from the tour figures found, to the 
column, any dots be met with, the two figures to be preyed 
must be taken from the horizontal line directly below : Thus, 

log 3098 = 3.491081 

log 30.98 = 1.491081 

If the logarithm falls at a place where the dots occur, must 
be written for each dot, and the two figures to be prefixed are 
88 hefore taken from the line below : Thus, 

log 2188 = 3.340047 
log .2188 = 1.340047 

8. WTien the number exceeds 10,000. 

The characteristic is determined by the rules already given. 
To find the decimal part of the logarithm. Place a decimal 
point after the fourth figure from the left hand, converting the 
given number into a whole number and decimal. Find the loga- 
rithm of the entire part by the rule just given, then take from 
the right hand column of the page, under D, the number on the 
■ame horizontal line with the logarithm, and multiply it by the 
dtHnmal part ; add the product thus obtained to the logarithm al- 
ready found, and the sum will be the logarithm sought. 

If, in multiplying the number taken from the column D, the 

iedmal part of the product exceeds .5 let 1 be added to the en- 
15 
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tiro part; if it is less than .5 the decimal part of the product in 
neglected. 

EXAMPLE. 

To find log 672887. 

The characteristic is 5. ; placing a decimal point after the 
fourth figure from the left, we have 6728.87. The decimal part 
of the log 6728 is .827886 and the corresponding number in the 
column D is 65 ; then 65 X .87 = 56.55, and since the decimal 
part exceeds .5, we have 57 to be added to 827886, which gives 
.827943 

or log 672887 = 6.827943 
Similarly log .0672887 = 2.827943 

The last rule has been deduced under the supposition that the 
difference of the numbers is proportional to the difference of 
their logarithms, which is sufficiently exact within the narrow 
limits considered. 

In the above example, 65 is the difference between the loga- 
rithm of 672900 and the logarithm of 672800, that is, it is the 
difference between the logarithms of two numbers which differ by 
100. 

We have then the proportion 100 : 87 : 65 . 56.55, the 
number to be added to the logarithm already found. 



9. To find from the table the number corresponding to a 
given lognrithm. 

Search in the columns of logarithms for the decimal part of 
the given logarithm : if it cannot be found in the table, take 
out the number corresponding to the next less logarithm and 
set it aside. Subtract this less logarithm from the given loga- 
rithm, and annex to the remainder as many zeros as may be 
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Deoessary, and divide this result by the corre6|H>iiding numbei 
taken from the column marked D, continuing the division aa 
long as desirable : annex the quotient to the number set aside. 
Point oS^ from the left hand, as many integer figuies as there are 
anits in the characteristic of the given logarithm increased by 
1; the result is the required number. 

If the characteristic is negative, the number will be entirely 
decimal, and the number of zeros to be placed immediately after 
the decimal point will be equal to the number of units in the 
characteristic diminished by 1. 

This rule, like its converse, is founded on the supposition thai 
the difiference of the logarithms is proportional to the difference 
of their numbers within narrow limits. 

EXAMPLE. 

Find the number corresponding to the logarithm 3.233568. 

The decimal part of the given logarithm is .233568 

The next less logarithm of the table is .233504 and its 

corresponding number 1712. 

Their difference is - - - 64 



Tabular difference 253)6400000(25 

Hence the number sought 1712.25 

The number corresponding to 3.233566 is .00171225 

MULTIPLICATION BT LOGARITHMS. 

10. When it is required to multiply numbers by mean& ot 
their logarithms, we first find from the table the logarithms of 
the numbers to be multiplied ; we next add these logarithms 
tc^ther, and their sum is the logarithm of the product of the 
numbers (Art. 3). 

Tlie term sum is to be understood in its algebraic sense; 
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therefore, if any of the logarithms have negative characteristiGBt 
the difference between their sum and that of the positive 
characteristics, is to be taken ; the sign of the remainder ia 
that of the greater sum. 

EXAMPLES. 

I. Multiply 23.14 by 5.062. 

log 23.14 = 1.864383 
log 6.062 = 0.704322 

Product 117.1347 .... 2.068686 



2. Multiply 3.902, 697.16 and 0.0314728 together. 

log 3.902 = 0.691287 

log 697.16 = 2.776091 

log 0.0314728 = 2.497936 

Product 73.3364 .... 1.866314 



Here the 2 cancels the + 2, and the 1 carried from the daoi* 
real part is set down. 

8. Multiply 3.586, 2.1046, 0.8372, and 0.0294, together. 

log 3.686 = 0.554610 
log 2.1046 = 0.323170 
log 0.8372 = 1.922829 
log 0.0294 = 2.468347 

Product 0.1867)516 . . 1.268966 



In this example the 2, carried from the decimal part, canoals 
£i and there remains 4 to be set down. 

DIVISION OF NUMBERS BT LOOARrrHMS. 

11. When it is required to divide numbers by means of their 
logarithms, we have only to recollect, that the subtraction of 
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logarithms corresponds to the division of their numbers (Art 8), 
Hence, if we find the logarithm of the dividend, and from it sub- 
tract the logarithm of the divisor, the remainder will be the loga- 
rithm of the quotient. 

This additional caution may be added. The difiference of the 
logarithms, as here used, means the algebraic difference; so 
that, if the logarithm of the divisor have a negative characteristic 
its sign must be changed to positive, after diminishing it bj the 
unit, if any, carried in the subtraction from the decimal part of 
the logarithm. Or, if the characteristic of the logarithm of the 
diridend is negative, it must be treated as a negative number. 

SZAMFLB8. 

1. To divide 24163 by 4567. 

log 24163 = 4.383151 

log 4567 = 3.659631 

Quotient 5.29078 .... 0.723520 

8. To divide 0.06314 by .007241 

log 0.06314 = 2.800305 
log 0.007241 = 3.859799 

Quotient . . 8.7198 .... 0.940506 

Here, 1 carried from the decimal part to the 3 changes it to 
2, which being taken from 2, leaves for the characteristic 

3 To divide 37.149 by 523.76 

log 37.149 = 1.569947 
log 523.76 = 2.719138 

Quotient • . 0.0709274 . 2.850814 
16* 
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4. To divide 0.7438 by 12.9476 

log 0.7438 = 1.871456 
log 12.9476 = 1.112189 

Quotient . . 0.057447 . . "2 .759267 

Here, the 1 taken from 1, gives 2 for a result, as set down. 



ARITHMETICAL COMPLEMENT. 

12. The Arithmetical complement of a logarithm is the nam- 
ber which remains after subtracting the logarithm from 10. 

Thus, . • 1—9.274687 = 0.725313 
Hence, 0.725313 is the arithmetical complemeni 

Df 9.274687. 

13. We will now show that, the dijference between two logo- 
rithm^ is truly found, by adding to the first logarithm ths 
arithmetical comjilement of the logarithm to be subtracted, and 
then diminishing the sum by 10. 

Let a = the first logarithm 

b = the logarithm to be subtracted 
and c = 10—6 = the arithmetical complement of 6. 

Now the difference between the two logarithms wiD be ex* 
pressed by a —6. ^ 

But, from the equation c = 10— 6, we have 

c-10 = —b 
henoe, if we place for— 6 its value, we shall have 

a— 6 = a+c— 10 
which agrees with the enunciation. 

When we wish the arithmetical complement of a logarithm, 
we may write it directly from the table, by subtracting the lef\ 
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hand figure from 9, then proceeding to the right, subtract each 
f(jure from, 9 tUl we reach the last significant figure, which 
must be taken from 10 : this will be the same <u taking tht 
logarithm from 10. 

KZAMPLX8. 

I. From 3.274107 take 2.104729. 
By oommxm method. By arith, eomp* 

3.274107 3.274107 

2.104729 its ar. oomp. 7.895271 

Diff. 1.169378 Sum 1.169378 after gnb- 



tracting 10. 

Hence, to perform division by means of the arithmetical com- 
plement we have the following 

RULE. 

To the logarithm of the dividend add the arithmetical tom» 
piemen/ of the logarithm of the divisor : the sum after suhtraeU 
ing 10. will be the logarithm of the quotient. 

EXAMPLES. 

1. Divide 327.6 by 22.07. 

log 327.6 . . . 2.615211 
log 22.07 ar. comp. 8.656198 

Quotient . . 14.839 .... 1.171400 

2, Divide 0.7438 by 12.9476. 

log 0.7438 1.871466 

leg 12.9476 ar. oomp. 8.887811 

Quotient • • 0.057447 . . . 2.759267 
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In tliis example, the sum of the characteristicB is 6, from 
i^hich, taking 10, the remainder is 2. 

8. Pivide 37.149 by 523.76. 

log 87.149 1.669947 

log 523.76 ar. coup. 7.280867 

Quotient . . 0.0709278 . . . 2.850814 



SECTION II. 



OF 80ALB8. 



SCALE OF EaUAL PARTS. 



I , t ♦! .« ..^.4.5 .g .7.#.J?» 

14. A scale of equal parts is formed by dividing a line of ii 
giTeo length into equal portions. 

Ii, for example, the line a6 of a given length, say one inch, 
be divided into any number of equal parts, as 10, the scale thus 
formed, is called a scale of ten parts to the inch. The line ab^ 
which is divided, is called the unit of the scale. This unit ih 
laid off several times on the left of the divided line, and ita 
extremities marked, 1, 2, 3, <fec. 

The unit of scales of equal parts, is, in general, either an 
inch, or an exact part of an inch. If^ for example, ah the unit 
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Df the scale, were half an inch, the scale would be cue of 10 
parts to half an inch, or of 20 parts to the inch. 

If it were required to take from the scale a line equal to two 
inches and six-tenths, place one foot of the dividers at 2 on the 
!cft, and extend the other to .6, which marks the sixth of the 
Bmall divisions: the dividers will then embrace the required 
distance. 



DIAGONAL SCALE OF EQUAL PARTS. 



dj^ 



2 

h 



7^8 
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15. This scale is thus constructed. Take ab for the unit vi 
the scale, which may be one inch, ^ | or f of an inch, in length. 
On ab describe the square abed. Divide the sides ab and de 
each into ten equal parts. Draw a/ and the other nine parallels 
as in the figure. 

Produce ba to the left, and lay ofif the unit of the scale any 
convenient number of times, and mark the points 1, 2, 3, Jko. 
Then, divide the line ad into ten equal parts, and through the 
points of division draw parallels to a6 as in the figure. 

Now, the small divisions of the line ab are each one-tentb 
(.1) of ab ; they are therefore .1 of acf, or .1 of ag or gh. 

If we consider the triangle adf^ we see that the base df vt 
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one-tenth of ad^ the unit of the scale. Since the distance from 
a to the first horizontal line above a6, is one-tenth of the d's* 
ianoe ad, it follows that the distance measured on that line be* 
tween ad and of is one-tenth of df: but since one-tenth of a 
tenth is a hundredth, it follows that this distance is one-hun- 
dredth (.01) of the unit of the scale. A like distance measured 
on the second line will be two-hundredths (.02) of the unit of 
the scale ; on the third, .03 ; on the fourth, .04, <fec. 

If it were required to take, in the dividers, the unit of the 
scale, and any number of tenths, place one foot of the dividers 
at 1, and extend the other to that figure between a and b which 
designates the tenths. If two or more units are required, the 
dividers must be placed on a point of division further to the left. 

When units, tenths, and hundredths, are required, place one 
foot of the dividers where the vertical line through the point 
which designates the units, intersects the line which designates 
the hundredths : then, extend the dividers to that line between 
ad and be which designates the tenths : the distance so deter- 
mined will be the one required. 

For example, to take off the distance 2.34, we place one foot 
of the dividers at /, and extend the other to e : and to take <^ 
the distance 2.58, we place one foot of the dividers at p and ex- 
tend the other to g. 

Remark I. If a line is so long that the whole of it cannot 
be taken from the scale, it must be divided, and the parts of it 
taken from the scale in succession. 

BsMARK IL K a line be given upon the paper, its lengtb 
can bo found by taking it in the dividers and applying it to 
the scale. 
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8CALB OF CHORDS 




16. t^ with any radius, sa ACy we describe the quadrant (72>, 
ud then divide it into 90 equal parts, each part is called a 
degree. 

Through (7, and each point of division, let a chord be drawn, 
and let the lengths. of these chords be accurately laid ofif on a 
Bcale : such a scale is called a scale of chords. In the figure, 
the chords are drawn for every ten degrees. 

The scale of chords being once constructed, the radius of the 
circle from which the chords were obtained, is known ; for, the 
chord marked 60 is always equal to the radius of the circle. A 
Bcale of chords is generally laid down on the scales which belong 
to cases of mathematical instruments, and is marked oho. 

7*0 lay offy at a given paint of a line, vfith the scale qf ehofdi^ 
an angle eqtial to a given angle. 

Let AB be the line, and A the given 
point. 

Take from the scale the chord of 60 de- 
grees, and with this radius, and the point 
^ as a centre, describe the are BC. Then take from the loalt 
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the chord of the given angle, say 30 degrees, and with this Una 
as a radios, and ^ as a centre, describe an arc cutting £C in O 
Through A and draw the line AOj and BAC wiU be the ny 
quired angle. 



SEMICIRCULAR PROTRACTOR. 
C 




17. This instrument is used to laj down, or protract angled^ 
It maj also be used to measure angles included between lines 
already drawn upon paper. 

It consists of a brass semicircle ABC divided to half degrees 
The degrees are numbered from to 180, both ways; that is, 
from AtoB and from B to A. The divisions, in the figuie, 
are only made to degrees. There is a small notch at the midr 
die of the diameter AB, which indicates the centre of the pro* 
tractor. 

OUNTERS' SCALB. 

18. This is a scale of two feet m length, on the fiu^es of 
which a variety of scales ia marked. The face on which tb« 
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divisions of inches are made, contains, howeyer, all the scalei 
neoessary for laying down lines and angles. These are, the 
scale of equal parts, the diagonal scale of equal parts, and the 
scale of chords, all of which have been described. 
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19. In every plane triangle there are six parts: three sides 
and three angles. These parts are so related to each other, that 
when one side and any two other parts are given, the remain- 
ing parts can be obtained, either by geometrical construction or 
by trigonometrical computation. 

20. Plane Trigonometry explains the methods of computing 
the unknown parts of a plane triangle, when a sufficient num* 
ber of the six parts is given. 

21. For the purpose of trigonometrical calculation, the cir^ 
eomference of the circle is supposed to be divided into 360 
tqoal parts, called degrees ; each degree is supposed to be di- 
vided into 60 equal parts, called minutes ; and each minute into 
OO equal parts, called seconds. 

Degrees, minutes, and seconds, are designated rospoctively 
lA 
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by the characters ° ' ". For example, ten decrees, eighteen 
minutes, and fourteen seconds, would be written 10° 18' 14" 
If two lines be drawn through the centre of the circle, at 
rght angles to each other, they will divide the drcumferonce 
into four equal parts, of 90° each. Every right angle then, as 
EOAy is measured by an arc of 90°; every acute angle, as 
BOA, by an arc less than 90° ; and every obtuse angle, as 
FOA, by an arc greater than 90°. 

22. The complement of an arc is 
what remains after subtracting the 
arc from 90°. Thus, the arc JSB is 
the complement of AB. The sum of 
an arc and its complement is equal ^'1 
to 90°. 

23. The supplement of an arc is 
what remains after subtracting the 
arc from 180°. Thus, GFis the sup- 
plement of the arc AEF, The sum of an arc and its sup- 
plement is equal to 180°. 

24. The sine of an arc is the perpendicular let fall from one 
extremity of the arc on the diameter which passes through 
tJie other extremity. Thus, BD is the sine of the arc AB. 

25. The cosine of an arc is the part of the diameter inter- 
cepted between the foot of the sine and centre. Thus, OD is 
the cosine of the arc AB, 

26. The tangent of an arc is the line which touches it at 
one extremity, and is limited by a line draw^ through the 
other extremity and the centre of the circle. Thus, AG v& the 
tangent of the are AB. 
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27. The secant of an arc is the line drawn from the oentra 
of the circle through one extremity of the arc, and limited by 
the tangent passing through the other extremity. Thus, 00 
is the secant of the arc A£, 




28. The four lines, BJ), OD, ACy 00^ depend for their 
t^ucs on the arc AB and the radius OA; they are thus 

designated : 

sin AB for BD 

006 AB for OD 

tan AB for AC 

sec AB for OC 

29. If ABE be equal to a quad- ^^ 
rant, or 90^, then EB will be the 
complement of AB. Let the lines 
ET and IB be drawn perpendicular 
to OE. Then, 

ET^ the tangent of EB^ is called the cotangent of AB ; 
IB, the sine of EB, is equal to the cosine of AB; 
OTy the secant of EB, is called the cosecant of AB^ 
Id general, if ^ is any arc or angle, we hare, 

cos ^ = sin (90°—^) 

cot ^ = tan (90**--^) 

cosec -4 = sec (90**— -4) 

< 

80. If we take an arc ABEF, greater than 90**, its sme 
will be Fff; OJJwill be its cosine; -4© its tangent, and OQ 
its secant. But Fff is the sine of the arc GF, which is the 
supplement of AF, and OE is its cosine : hence, the sine of 
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an are is equal to the sine of its supplement; and the eoeini 
of an are is equal to the cosine of its supplement,* 

Furthermore, AQ is the tangent of the arc AI*, and OQ'u 
\t» secant : OL is the tangent, and OL the secant of the sup- 
plemental arc GF. But since AQ ]& equal to GL, and OQ 
to OLj it follows that, the tangent of an are is equal to the 
tangent of its supplement; and the secant of an are is eqtiol 
to the secant of its supplement.* 

Let us suppose, that in a circle of a given radius, the 
lengths of the sine, cosine, tangent, and cotangent, have been 
calculated for every minute or second of the quadrant, and 
arranged in a table ; such a table is called a table of sines and 

tangents. If the radius of the circle is 1, the table is called a 
table of natural sines. A table of natural sines, therefore, shows 
the values of the sines, cosines, tangents and cotangents of all 
the arcs of a quadrant, divided to minutes or seconds. 

If the sines, cosines, tangents, and secants are known for arcs 
less than 90°, those for arcs which are greater can be found 
from them. For if an arc is less than 90^, its supplement 
will be greater than 90°, and the values of these lines are the 
same for an arc and its supplement. Thus, if we know the 
sine of 20°, we also know the sine of its supplement 160^ ; 
for the two are equal to each other. 

TABLE OF LOGARITHMIC 8INB8. 

31. Iq this table are arranged the logarithms of the nume- 
rical values of the sines, cosines, tangents, and cotangents of all 



* These relations are between the numerical valttea of the trigoiiometrica] 
lines ; the algebraic signs, whicii thoy have in the diifierent quadrants^ anr 
not oooaidared 
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the arcs of a quadrant, calculated to a radius of 10,000,000,000. 
The logarithm of this radius is 10. In the first and' last hori- 
zontal lines of each page, are written the degrees whose sinefy 
oofiines, <fec., are expressed on the page. The vertical columna 
on the left and rights are columns of minutes. 

0A8B 1. 

To findy in the table, the logarithmic sine, cosine, tangent, or 
cotangent of any given arc or angle. 

32. If the angle is less than 45°, look for the degrees in the 
first horizontal line of the different pages : then descend along 
the column of minutes, on the left of the page, till you reach 
the number showing the minutes: then pass along the hori- 
zontal line till you come into the column designated, sine, 
cosine, tangent, or cotangent, as the case may be : the numbei 
BO indicated is the logarithm sought. Thus, on page 37, fot 
19^ 66' we find, 

sine 19° 55' 9.532312 

cos 19° 55' 9.973215 

tan 19° 55' 9.559097 

cot 19° 55' 10.440903 

33. If the angle is greater than 45°, search for the degreeb 
along the bottom line of the different pages : then, ascend 
along the column of minutes on the right hand side of the 
page, till you reach the number expressing the minutes : then 
pass along the horizontal line into the column designated 
tang oot, sine, or cosine, as the case may be: the number so 
pointed out is the logarithm required. 

34. The column designated sine, at the top of the page, is 

10* 
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dcsigDated bj cosine at the bottom ; the one designated tang, 
by cotang, and the one designated cotang, by tang. 

The angle found by taking the degrees at the top of the 
page and the minutes from the first vertical column on thd 
left, is the complement of the angle found by taking the de- 
grees at the bottom of the page, and the minutes traced up in 
the right hand column to the same horizontal line. There- 
fore, sine, at the top of the page, should correspond with cosine, 
at the bottom ; cosine with sine, tang with cotang, and cotang 
with tang, as in the tables (Art. 11). 

If the angle is greater than 90°, we have only to subtract it 
from 180°, and take the sine, cosine, tangent or cotangent of 
the remainder. 

The column of the table next to the column of sines, and 
on the right of it, is designated by the letter D, This column 
is calculated in the following manner. 

Opening the table at any page, as 42, the sine of 24° is 
found to be 9.609313; that of 24° 01', 9.609697: their dif- 
ference is 284 ; this being divided by 60, the number of seconds 
m a minute, gives 4.73, which is entered in the column D. 

Now, supposing the increase of the logarithmic sine to be 
proportional to the increase of the arc, and it is nearly so for 
60", it follows, that 4.73 is the increase of the sine for 1". 
Similarly, if the arc were 24° 20' the increase of the sine for 
1", would be 4.65. 

The same remarks are applicable in respect of the column 
Z>, after the column cosine, and of the column i>, between 
iho tangents and cotangents. The column D between the 
columns tangents and cotangents, answers to both of those 
oolumns. 
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Now, if it were required to find the logarithmic sine of an 
arc expressed in degrees, minutes, and seconds, we have onlj 
to find th3 degrees and minutes as before; then, multiply th« 
oorresponding tabular ditference by the seconds, and add the pro* 
duet to the number first found, for the sine of the given arc 

Thus, if we wish the sine of 40° 26' 28". 

The sine 40^' 26' 9.811952 

Tabular difiference 2.47 • • • • 

Number of seconds 28 . 



Product . . 69.16 to be added 69.16 

Gives for the sine of 40° 26' 28" 9.812021. 



The decimal figures at the right are generally omitted in 
the final result ; but when they exceed five- tenths, the figure on 
the left of the decimal point is increased by 1 ; this gives the 
nearest approximate result. 

The tangent of an arc, in which there are seconds,, is found 
in a manner entirely similar. In regard to the cosine and co« 
tangent, it must be remembered, that they increase while the 
arcs decrease, and decrease as the arcs are increased ; conse- 
quently, the proportional numbers found for the seconds, must 
be subtracted, not added. 

BZAMPLES. 

1. To find the cosine of 3° 40' 40" 
The cosine of 3° 40' ... 9.999110 

Tabular difference .13 . 
Number of seconds 40 . 

Product 5.20 to be subtracted 5.20 

Gives for the cosine of 3° 40' 40" . 9.999106 
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2. Find the tangent of 37** 28' 31" 

Ans, 9.884592. 
8. Find the cotangent of ST"* bV 69" 

Ans. 8.55035e. 

CA8B II. 

To find the degrees^ minutes and seconds, answering to any 
given logarithmic sine, cosine, tangent or cotangent, 

35. Search in the table, and in the proper column, and if the 
namber be found, the decrees will be shown either at the top 
or bottom o^ the page, and the minutes in the side columns, 
either at the left or right. 

But, if the number cannot be found in the table, take 
from the table the degrees and minutes answering to the near- 
est less logarithm, the logarithm itself, and also the corres- 
ponding tabular difference. Subtract the logarithm taken from 
the table from the given logarithm, annex two ciphers to the 
remainder, and then divide the remainder by the tabular dif- 
ference: the quotient will be seconds, and is to be connected 
with the degrees and minutes before found ; to be added for 
the sine and tangent, and subtracted for the cosine and co- 
tangent. 

EXAMPLES. 

1. Fin^ the arc answering to the sine 9.880054 
Sine 49"" 20', next less in the table 9.879963 

Tabular difference . . . 1.81)91.00(50" 
Hence, the arc 49° 20' 50" corresponds to the given sum 
^9.880054. 

2. Find the arc whose cotangent is • 10.008688 
cot 44° 26', next less in the table . 10.00S591 



Tabular difference . . . 4.21)97.00(28 



/« 
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Hence, 44° 26'-23" = 44° 26' 37" is the arc answerinj^ to 
the given cotangent 10.008688. 

8. Find the arc answering to tangent 9.979110. 

Atu. 43° 37' 21". 

4 Find the arc answering to cosine 9.944599. 

Ans. 28° 19' 46". 

36. We shall now demonstrate the principal theorems of 
Plane Trigonometry. 



THEOREM I. 

« 

The sides of a plane triangle are proportional to the sines 

of their opposite angles. 

Let ABC be a triangle; then will 

CB : CA : : sin -4 : sin B. 
For, with ^ as a centre, and AD 
equal to the less side BCy aa & radius, 
describe the arc J)I: and with B as 
a centre and the equal radius BC^ A EI Ij T 
describe the arc CL\ now DE is the sine of the ano-le -4. 
and CF is the sine of J?, to the same radius AD or BC, 
But by similar triangles, 

AD \ DE \\ AC \ CF. 
But -42) being equal to BC^ we have 

BC : sin ^ : : AC : sin -B, or 
BC : AC : : ^m A : sin B. 
By comparing the sides AI AC, m a similar manner, we 
should fini, AB '. AC \\ ^m C : sin B. 
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In any triangle^ the 9um of the two sides containing either 
angU^ is to their difference, as the tangent of half the sum cf 
* the two other angles, to the tangent of half their differeruce, 

l^i AC B be a triangle: then will 

AB + ACi AB'-AC : : tan ^{C + B) : tan ^{C-B). 

With -4 as a centre, and a radius ^ 

AC the less of the two given sides, ,\*-.,^ 

let the semicircle IFCI! be de- / \ /*^^v.^ 

scribed, meeting AB in /, and BA \ ' 
produced, in JS, Then, BB will \ 

be the sum of the sides, and Bi c ■'''-— .--''FGIf -^ 
their difference. Draw CI and AF, 

Since CA£ is an outward angle of the triangle ACB^ it 
is equal to the sum of the inward angles C and B (Bk. 
I, Th. xvi.) But the angle CIJS being at the circumference, 
is half the angle CAJS at the centre (Bk. II, Th. viii. CJor- 
1) ; that is, half the sum of the angles C and B, or equal 
to ^(C+B). 

The angle AFC = ACB, is also equal to ^^C7 + BAF ; 
therefore, BAF = ACB - ABC. 

But, ICF= ^{BAF) = ^^{ACB — ABC), or 1{C—B). 

With / and C as centres, and the common radius IC, let 
the arcs CD and IG be described, and draw the lines CF and 
IH perpendicular to IC, The perpendicular CF will paaa 
through F, the extremity of the diameter IF, since the right 
angle ICF must be inscribed in a semicircle. 

But CF is the tangent of CIF=i ^{C+B); and Iff is tlift 
tangent of ICB = J(C7 — B), to the common radius CL 
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But since the lines CE and IH are parallel, the triangles 
BHI and BCE are similar, and give the proportion, 

BE : BI :: CE : lU, or 

by pladng for BE and BI^ CE and /iT, their values, we have 

AB^AC \ AB — AC \ : tan J((7+^) : tan i((7— E). 



THEOREM IIL 

In any plane triangle, if a line is dravm from the vertical 
angle perpendicular to the base, dividing it into two segments: 
then, the whole base, or sum of the segments, is to the sum of 
the two other sides, as the difference of those, sides to the dif^ 
ference of the segments. 

Let BAC be a triangle, and AD perpendicular to the base; 
then will 

BC: CA-\-ABii CA — AB: CD — DB 



For, AB =^BD -\'AD 

(Bk. IV, Th. xii) ; 

and :Ic' = 5^ + AD" 




by subtraction AC —AB = CD — 

BF. 

But since the difference of the squares 
of two lines is equivalent to the rectangle contained by their sum 
and difference (Davies* Legendre, Bk. IV, Prop, x,) we have, 

AC' — AB'={AC + AB).{AC—AB) 

nd 'aff — Dff={CD +DB),{CD — DB) 

therefore, {CD + DB) . {CD—DB)=={AC+AB) . {AC-^AB) 
hence, CD -i^ DB: AC + AB: lAC—AB.CD — DB. 



^< 
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THEOREM IV. 

I 

In any right-angled plane triangle^ radius is to the tan- 
gmt of either of the acute angles^ as the side adjacent to thi 
nde opposite. 

Let CAB be the proposed triangle, js 

and denote the radius by B : then will 
i2: tan 0::A0 : AB, 
For, with any radius as CD describe ^"^ 
the arc Dff, and draw the tangent DG, 

From the similar triangles CDG and CAB we have 
CD :DG : : CA : AB\ hence, 
B : i&n C :: CA: AB. 
By describing an arc with B as sl centre, we could show in 
the same manner that, 

22 • tan B : : AB : AC. 

THEOREM Y. 

In every right-angled plane triangle, radtus is to the eoitiM 
of either of the acute angles, as the hypothenuse to the tide 
adjoint. 

Let ABC be a triangle, right-angled 
at B then will 

R : iio& A'.\AC : AB. 
For, from the point ^ as a centre, with -^ 
any radius as AD, describe the arc DF, 
which will measure the 'angle A, and draw DE perpendicnlai 
U> AB : then will AE be the cosine of A. 
The triangles ADE and ACB, being similar, we have 
AD\AE\\AC :AB: that ia, 
B : 0O8 A:: AC : AB. 
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RiMARK. The relations between the sides and angles of 
plane triangles, demonstrated in these five theorems, are suf> 
Bdent to solve all the cases of Plane Trigonomelrj. Of the 
ix parts which make up a plane triangle, three must be given, 
and at least one of these a side, before the others can be de- 
tcrminod. 

If the three angles are given, it is plain, that an indefi- 
mte number of similar triangles maj be constructed, the 
angles of which shall be respectively equal to the anglea 
that are given, and therefore, the sides could not be de- 
tennined. 

Assuming, with this restriction, any three parts of a trian* 
gle as given, one of the four following cases will alwajs be pre- 
sented. 

L When two angles and a side are given. 

n. When two sides and an opposite angle are given. 
lU. When two sides and the included angle are given. 
TV. When the three sides are given. 

CASS I. 

When two angles and a side are given. 

Add the given angles together and subtract their sum from 
M degrees. The remaining parts of the triangle can then 
be found bj Theorem L 

XXAMPLES. 

1. In a plane triangle ABO, there 

are given the ang'.e -4 = 68° 07', the 

angle -B — 22° 37 , and the side AB = A 

108 jards. Required the other parts. 
17 
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OKOMSTRICALLT. 

Draw an indefinite straight line AB^ and from the d^e of 
equal parts lay off AB equal to 408. Then at A lay off ao 
angle equal to 58^ OV, and at B an angle equal to 92^ 87', 
and dr«w the lines AC and BC i then will ABC be the tri- 
angle required. 

The angle C may be measured either with the protractor or 
the scale of chords (Arts. 16 and 17), and will be found equal 
to 99® 16'. The sides AC aud BC may be measured by re- 
ferring them to the scale of equal parts (Art. 2). We fthall 
find -4C = 168.9 and BC =^ 361. yards. 



TRIthONOMETRICALLY BY LOOARirHMS. 

To the angle . . ^ = 68** 07' 
Add the angle . 
Their sum 
taken from . . . 
leaves C ... 
we use its supplement 



B = 22° 37' 

= 80** 44' 

180° 00' 



99'' 16' which, exceeding 90' 
80** 44'. 



To find the side BC, 
As sin C 99** 16' . ar. comp. < 

am A 68** 07' • . i . 

I AB 408 . . . , 

BC 36 1 .024 (after rejecting 1 0) 



0.005705 
9.928972 
2.610660 
2.545337 



Remark. The logarithm of the fourth term of a proportion 
fs obtained by adding the logarithm of the second term to th "it 
of the third, and subtracting from their sum the logarithm of 
the first term. But to subtract the first term is the same as 
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to add its arithmetical complemeD* and reject IC from the sum 
(Art 13) : hence, the arithmetical complement of the fint 
term added to the logarithms of the second and third terms, 
miDos ten, will give the logarithm of the fourth term. 





To find side AC. 




As sin C 


99* 16' 


ar. comp. 


0.006705 


: sin B 


220 87' 


• • • 


9.584968 


: : AB 


408 


• • • 


2.610660 


AC 


158.976 


• • • 


2.201333 



2. In a triangle ABC, there are given A = 38<> 26', 
B = 67** 42', and AB = 400 : required the remaining parta 
An8.C= 83* 63', BC = 249.974, AC = 84C.04 



CASS II. 



When two sides and an opposite angle are given. 
In a plane triangle ABC, there are 
given AC = 216, CB = 117, the 
angle A = 22'' 37', to find the other ^. 
paits. 




GEOMETRICALLY. 

Draw an indefinite right line ABB' i ^lom any point as -/4, 
Iraw AC making BAC = 22° 37', and make AC = 216. 
With 6' as a centre, and a radius equal to 117, the other given 
ride, describe the arc B'B; draw ^'(7 and BC: then will 
either of the triangles ABO or AB'C, answer all the eondi- 
taons of the question. 
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To find the anglo B, 
As BC 117 . ar, comp. • • 7.931814 



: AC 216 . . . . • 2.334464 

• : sin ^ 22"* 37' 9.584968 

: sin B' 45° 13' 65", or ABO 134** 46' 05" 9.851236 

The ambiguity in this, and fiiniilar examples, arises in con- 
fiequence of the first proportion being true for either of the 
angles ABC, or AB'C^ which are supplements of each other, 
and therefore have the same sine (Art. 30). As long as the 
two triangles exist, the ambiguity will continue. But if the 
side CB, opposite the given angle, is greater than AC^ the arc 
BB' will cut the line ABB\ on the same side of the point A^ 
in but one point, and then there will be only one triangle an- 
swering the conditions. 

If the side CB is equal to the perpendicular Cd, the arc 
BB^ will be tangent to ABB\ and in this case also there 
will be but one triangle. When CB is less than the'perpen- 
dicular Cd, the arc BB' will not intersect the base ABB\ and 
m that case, no triangle can be formed, or it will be impossible 
to fulfil the conditions of the problem. 

2. Given two sides Of a triangle 60 and 40 respectively, and 
Uie angle opposite the latter equal to 32° : required the ro 
maining parts of the triangle. 

Ak8, If the angle opposite the side 60 is acute, it is equal 
to 41** 28' 69" ; the third angle is then equal to 106° 81' 01", 
and the third side to 72.368. If the angle opposite the aide 
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50 is obtuse, it is equal to 138^ 81' 01'', tLe third angle to 
9"" 28' 59", and the remaining side to 12.436. 

CA6B Til. 

When the two sides and their included angle are giTen. 

Let ABO be a triangle; JB, BO, ^ 

the given sides, and B the given 
angle. 

Since B is known, we can find the 
sura of the two other angles : for A^ ^^ 

A+ C= 180° — ^ and 
l(A + C) = 1(180<» - B) 
We next find half the difference of the angles A and C by 
Theorem ii., viz. 

^C + ^^ : ^C - j5^ : : tan 1{A + C) : tan 1{A - C): 
in which we consider BC greater than BA, and therefore A is 
greater than C; since the greater angle must be opposite the 
greater side. 

Having found half the difference of A and C, by adding it 
to the half sum, ^{A + C7), we obtain the greater angle, and by 
subtracting it from half the sum, we obtain the less. That is 
^{A +C) + i{A ^C) = A, and 

Having found the angles A and (7, the third side AO may 
be found by the proportion. 

sin ^ : sin ^ : : BC : AC. 

SZAMTLBS. 

1. In the triangle ABO, let BO = 640, AB = 460, and 
the included angle B = 80° : required the remaining parts. 
17* 
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OBOMETRIOALLT. 

Draw an indefinite right line BQ and from any point, as 
/?, laj off a distance BO =^ 540. At B make the angki 
CBA = 80° : draw BA and make the distance ^ 4 =r 450 : 
draw A0\ then will ABC be the required triangle. 

TRIOONOMETRICALLT. 

BC + BA — 540 + 460 = 990; and BC — BA^ 540 — 

450 = 90. 
-4 + C7 = 180° — ^ = 180° — 80° = 100*, and therefore, 

\{A+ C) = i(100°) =50° 

To find \{A—C). 

A& BC + BA 990 • ar. comp. . 7.004365 

BO—BA 90 . . . . 1.954248 

: tan 1{A + C) 50o . . . , 10.076187 

isin^{A—C) 6° 11' . . . 9.034795 

irenoe, 60° 4- 6° 11' = 56° 11' = A; and 50° — 6° 11' = 

43° 49' = C. 

To find the third side AC, 

Ab sin C 43° 49' • ar. oomp. • . 0.159672 

: sin ^ 80° 0.993361 

:: ^^ 450 2.653213 

AC 640.082 2.806230 

2. Given two sides of a plane triangle, 1686 and 960 and 
iheir included angle 128° 04' : required the other parts. 

Ans. Angles, 33° 34' 39" ; 18° 21' 21" ; side 240a 
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CABS IT. 

Haying given the three sides of a phine triangle, to find 
the angles. 

Let fail a perpendicular from the angle opposite the greater 
lide, dividing the given triangle into two right-angled triangles ? 
then find the difference of the segments of the base by Theo- 
rem iii. Half this difference being added to half the base, 
gives the greater segment ; and, being subtracted from half the 
base, gives the less segment. Then, since the greater segment 
belongs to the right-angled triangle having the greatest hjpo- 
thenuse, we have the sides and right angle of two right-angled 
triangles, to find the acute angles. 




1. The sides of a plane trian- 
gle being given; viz. BC = 40, AC 
= 84 and AB = 26 : required the 
augles. S 

GEOMETRICALLY. 

With the three given lines as sides construct a triangle aa 
in Bk. II. Prob. xi. Then measure the angles of the triangle 
either with the protractor or scale of chords. 



TRIGONOMETRICALLT. 

li^ BO lAC + AB iiAC'-AB \ CD 

Tliat is, 40 : 59 : : 9 : ^ULl , 

40 

-. 40 + 13.276 

Tlien, = 26.6375 = CD 



BD 
18.276 



And 



40 - 13.276 



= 13.3625 = BD. 



L_.. 
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In the triangle DAC^ to find the angle DAC, 

Ab ^C7 34 • . ar. comp. . 8.468521 

DQ 26.6376 .... 1.42649S 

; sin i> 90° 10.00000 

sin DAC 61«> 34' 40" . . . 9.894014 

In the triangle BAD^ to find the angle BAD. 

Afl AB 25 ar. comp. . 8.602060 

BD 13.3626 . . . 1.126887 

: sin D 90** ... . 10.000000 

sin BAD 82o.l8' 35" . . . 9.727947 

Hence 90® — i>^C7 = 90** — 61** 34' 40" = S8** 25' 20" = 
and 90^ — BAD = 90** — 82** 18' 36" = 57** 41' 25" = B 
and BAD + DAC=^ 61** 34' 40" + 32** 18' 35" = 83** 63' 

16" = A, 

2. In a triangle, in which the sides are 4, 6 and 6, what are 
the angles? 

Ar^. 41** 24' 36" ; 65** 46' 16" ; and 82** 49' 09". 

SOLUTION OF RIOHT-AKOLBD TRIANGLES. 

The unknown parts of a right-angled triangle may be found 
by either of the four last cases: or, if two of the sides are 
given, by means of the property that the square of the hypo- 
thenuse is equivalent to the sum of the squares of the two other 
sides. Or the parts may be found by Theorems iv. and v. - 

EXAMPLES. 

1. In a right-angled triangle BAC, 
there are given the hypothenuse BO 
-= 260, and the base AC = 240: re- C- 
quired the other parts. 
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« 


To find the angle B. 




Afl BC 


250 . ar oomp. 


7.602060 


: AC 


240 ... 


2.380211 


: : sin ^ 


90^ ... 


. 10.000000 


: sin B 


73** 44' 23" . 


9.982271 


Bat C7=90** 


— -B = 90*» — 73« 44' 23 


" = 16^ 15' 37" : 


Or C 


may be found from the 


proportion. 


iU CB 


250 ar. oomp. 


7.602060 


! AC 


240 ... 


2.380211 


:: -R 


a . • • 


. 10.000000 


: oos C 


16^ 16' 87" . 


9.982271 



As R 

tan C 
AC 
AB 



To find side AB by Theorem It. 

ar. oomp. 
16^ 15' 87" . 
240 .... 

70.0008 .... 



0.000000 
9.464889 
2.380211 
1.845100 



2. In a right-angled triangle BAC, there are given AC ^ 
384, and 5 = 58® 08' : required the remaining parts. 

Ans. AB = 287.96 ; BC = 479.979 ; C = 86** 62'. 

DEFINITIONS. 

1. A korizwM angU ia one whose sides are horizontal ; its 
plane is also horizontal. 

2. An angle of elevation or depression, has one horizontal side, 
ad the other oblique, but lying directly above or below the first 
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APPLICATION TO HKIOHTS AND DISTANCB8. 



PROBLEM L 

To determine the horizontal distance to a point which is inao^ 
cessible hy reason of an intervening river. 

Let ^ be the point. Measure 
along the bank of the river & hori- 
zontal base line AB^ ana select the 
stations A and B, in such a manner 
that each can be seen from the other, 
and the point C from both of them. 
Ihen measure the horizontal angles 
CAB and CBA^ with an instrument adapted to that purpose. 

Let us suppose that we have found AB = 600 jardS) 
CAB = 57** 86' and CBA = 64^ 61'. 






The angl 


e C = 180O —{A + B) = 
To find the distance BC. 


:67o 


84'. 


Aa 


sin C 


67** 84' ar. comp. 


• 


0.078649 


• 
• 


sin A 


67^86' . 


• 


9.926481 


• • 

• • 


AB 


600 


• 


2.778151 


• 


BC 

• 


600.11 yards. 
To find the distance AC. 


• 


2.778281 


Aa 


sin C 


51^ 34' ar. comp. 


• 


0.078649 




BID B 


64<> 61' . . 


• 


9.966744 


• • 

• • 


AB 


600 . ; 


• 


2.778151 




AC 


643.94 yards. • 


• 


2.808644 
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PROBLEM n. 

To determine (he altitude of an VMiootuXtle olffod atom a 

given horizontal plane, 

FIRST METHOD 

Suppose 2> to be the inaccessible 
object, and ^(7 the horizontal plane 



from which the altitude is to be ^ 
estimated: then, if we suppose DC 
to be a vertical line, it will repre- 
sent the required distance. 

Zl 

Measure any horizontal base line, as BA\ and at the ex- 
tremities B and A^ measure the horizontal angles CBA and 
CAB, Measure also, the angle of elevation DBO. 

Then in the triangle CBA there will be known, two angles 
and the side AB\ the side BC can therefore be determined. 
Having found BCy we shall have, in the right-angled triangle 
DBG^ the base BG and the angle at the base, to find the per- 
pendicular DGj which measures the altitude of the point D 
above the horizontal plane BC 

Let us suppose that we have found 
BA =• 780 yards, the horizontal angle CBA = 41*» 24', 
tlie horizontal angle CAB = 96^ 28\ and the angle of eleva« 
tion 2)^(7= 10° 43'. 

In the triangle BCA^ to find the horizontal distance BO, 

The angle ^04 — 1 80° - (41° 24' + 96° 28') — 42° 08'— C 

As sin (7 . 42° 08' ar. comp. • 0.173369 

Bin A . 96° 28' . . . . 9.997228 

^18 . 780 .... 2.892095 

BC . 1155.29 .... 3.062692 
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In the right-angled triangle DBC^ to find DC, 

Ab R ar. comp, . . 0.000000 

: tan BBC 10** 43' . . . 9.2V7043 

BC 1166.29 . . . 8.062692 






: DC 218.64 . . . 2.389T35 

Remark I. It might, at first, appear that the solution which 
we have given, requires that the points B and A should be in 
the same horizontal plane; but it is entirely independent of 
such a supposition. 

For, the horizontal distance, which is represented by BA^ 
is the same, whether the station A is on the same level with 
B^ above it, or below it. The horizontal angles CAB and 
CBA are also the same, so long as the point C is in the verti- 
cal line D C, Therefore, if the horizontal line through A should 
cut the vertical line 2)C, at any point as E^ above or below C, 
AB would still be the horizontal distance between B and Ay 
and AE which is equal U> AC, would be the horizrutal dis 
tance between A and C, 

If at A^ we measure the angle of elevation of the point D, 
wo shaU know in the right-angled triangle DAE^ the base AS^ 
and the angle at the base ; from which the perpendicular DB 
can be determined. 
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Let us suppose that we had measured the aogle of elevation 
DAE, and found it equal to 20'' 15'. 

First: In the triangle BAC, to find AC w its equal AE, 

Aa sin Q 42^08' ar, comp. . 0.173309 

: ain B 41° 24' . . • 9.820406 

AB 780 ... 2.892096 






AC 768.9 . . . 2.885870 

In the right-angled triangle DAE, to find DE, 

Aa J? ar. oomp. . . 0.000000 

tan A 20** 15' ... 9.566932 

: AE 768.9 . . . 2.885870 

DE 283.66 • . . 2.452802 

Now, since 2>(7 is less than DE, it follows that the statioo 
B is above the station A, That is, 

DE ^DC= 283.66 — 218.64 = 65.02 = EC, 
which expresses the vertical distance that the station B is 
above the station A. 

Remark II. It should be remembered, that the vertical dis 
tance which is obtained by the calculation, is estimated from 
a horizontal line passing through the eye at the time of ob- 
servation. Hence, the height of the instrument is to be addedi 
in order to obtain the true result. 

SECOND METHOD. 

When the nature of the ground will admit of it, measure a 

base line AB in the direction of the object D, Then mea- 

sure with the instrument the angles of elevation at A and B. 

Then, smce the outward angle DBC is equal to the sum 
18 
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of tbe angles A and 
AD£, it follows, that 
the angle ADB is 
equal to the difference 
of the angles of ele- 
vation at A and B, Hence, we can find all the parts of the 
triangle ADB, Having found DB^ and knowing the angle 
DBCj we can find the altitude DC. 

This method supposes that the stations A and B are on 
the same horizontal plane; and therefore can only be used 
when the line AB is nearly horizontal. 

Let us suppose that we have measured the base line, and 
the two angles of elevation^ and 

(AB = 975 yards, 
A = 15° 36', 
BBC— 27° 29'; 
required the altitude DC. 

First: ADB = DBC- A = 27° 29' - 15° 36' = W 53'. 

In the triangle ADB^ to find BD, 

As sin D 11° 53' ar. comp. . 0.686302 

sin A 15° 36' ... 9.429623 

\ AB 975 ... • 2.989005 

DB 1273.8 . . . 8.104930 



In the triangle DBC, to find 2>(7. 

AS R ar. comp. • 

gin B 27° 29' ... 

; DB 1273.3 ... 

DC 587.61 



0.000000 
9.664163 
3.104930 
2.769098 
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PROBUEM m. 

To determine the perpervOcvlar dulanee of an o^eel belmt « 
ffiven horizontal plane. 
Suppose (? to be directly over 
l)je given object, and A tbe point 
throDgh which the borizootal plane 
i> supposed to pass. 

Measure n horizontal base line 
AB, and at the stations A and £ 
(»D<^re the two horizontal lines 
^C,£C,tobe drawn. The oblique 

IJDes froDQ A and £ to the object will be the hypothenusM 
of two right-angled triangles, of which AC, BC, are tho 
buses. The perpendiculars of these triangles will be the dis- 
tsDces from the horinontal lines AC, BC, to the object. H 
we turn the triangles about their bases AC, BO, nntil they 
become horizontal, the object, in the first case, will &I1 at C, 
«id in the second at C". 

Measure the horizontal angles CAB, CBA, and abo thn 
BDgles of depression C'AO, 0"BC. 
Let us Buppoee that we have 

■ AB = 672 yards 

BAG = 72" 29' 

firand ABC= 39° 20' 

C'AC =27° 49' 

C"BC= 19° 10' 

Krat: In the triangle ABC, the horisontal angle ACB s 

180» - M 4- S) = IBO" - 111° 49' = 68= 11'. 
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To find the horizoQUl distance AO. 

■ lin £7 68° 11' nr. comp. . 0.032S7S 
(dn B S9° 20' ... 9.801073 

\ AB 673 ... 2.827368 

AC 458.79 , . . 2.661617 

To find tlie horizontal distance BC, 

■ nn C 68° 11' . ar. comp. . . 0.032275 
ain A 72° 29' .... 9.079380 

[ ^J 672 ....'. 2.827369 

BC 690.28 2.839024 

In the triangle CAC, to And CC 

a R . ar. comp. . . O.OOOOOO 

bm CAC 27" 49' . . . . 9.722315 

: AC 468.79 . . i . 2.661617 

CO' 242.06 .... 2.883988 

Li the triangle CBC", to find CC" 

B B . ar. comp. . . 0.000000 

tan C"BC 19' 10' . . . 9.541061 

: BO 690.28 .... 2.839024 

CC" 239.98 . . 2.380085 
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Hence also, CC" - CO" = 242.06 - 289.98 = 2.13 yarcU, 
which is the height of the station A above station B. 

PROBLEMS. 

1. Wanting to know the distance between two inaccessible 
objects, which lie in a direct line from the bottom of a tower 
of 120 feet in height, the angles of depression are measured, 
and are found to be, of the nearer 57^, of the more r^note 
25^ 80' : required the distance between them. 

Am. 178.656 feet. 

2. In order to find the distance between 
two trees A and B. which could not be 
directly measured because of a pool which 
occupied the intermediate space, the dis- 
tances of a third point from each of 
them were measured, and also the included 
angle ACBjl it was found that 

CB = 672 yards 

CA = 688 yards 

ACB = 66"* 40'; 

required the distance AB, 

Ans, 692.967 yards. 

8. Being on a horizontal plane, and wanting to ascertain 
the height of a tower, standing on the top of an inaccessible 
hill, there were measured, the angle of elevation of the top 
of the hill 40^, and of the top of the tower 61^; then mea- 
suring in a direct line 180 feet farther from the hill, the angle 
of elevation of the top of the tower was 33^ 46' ; required tLe 

height of the towei. 

Ans. 88.998 feet 
18* 
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4. Wanting to know the horizon- 
tal distance between two inaccessi- 
ble objects E and Wy the following 
measurements were made, 

( AB — 636 yards 
BAW= 40^ 16' 
viz. J WAE = 57® 40' 
ABE — 42« 22' 
EBW — 71^07' 
required the distance EW. 




AnB. 939.634 yards. 




6. Wanting to know the 
horizontal distance between two 
inaccessible objects A and B^ * 
and not finding any station 
from which both of them could 
be seen, two points C and i>, 
were chosen, at a distance from 
each other, equal to 200 yards ; from the former of these points 
A could be seen, and from the latter B^ and at each of the 
points C and D a staff was set up. From Q a distance CP 
was measured, not in the direction i>(7, equal to 200 yards, 
and from I> a distance DE equal to 200 yards, and the follow- 
ing angles taken, 

r AFO — 83<» 00' BDE = 64** 80' 
▼11.-1 ACD— 63° 30' BDO— 166® 26' 
ACF— 64*» 31' BED = 88® 30' 

Asm. AB = 346.467 yarda. 



APPLICATIONS 
or 

GEOMETRY. 

MBNSnRATION OF 8URFACB8. 

DIFlNITIOIfft. 

1 Hie area of any figure has already been defined to be 
the measure of its surface (Bk. IV. Def. 7). This measure is 
merely the number of squares which the figure contains. 

A square whose side is one inch, one foot, or one yard, 
&c., is called the measuring unit ; and the area or contents o( 
& figure is expressed by the number of such squares which 
the figure contains. 

2. In the questions involving decimals, the decimals are 
generally carried to four places, and then taken to the neareet 
figure. That is, if the fifth decimal figure is 5, or greater 
than 5, the fourth figure is increased by one. 

3. Surveyors, in measuring land, generally use a chain 
called Gunter's chain. This chain is four rods, or 66 feet in 
length, and is divided into 100 links. 

4. An acre is a surface equal in extent to 10 square chains; 
that is, equal to a rectangle of which one side is ten chains 
and the other side one chain. 

One quarter of an acre, is called a "vod. 

Since the chain is 4 rods in length, 1 square cha'n contaim 
16 square rods ; and therefore, an acre, wiuch is 10 square 
chains, contains 160 square rods, and a rood contains 40 
square rods. The square rods are called perches. 
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5. Land is generally computed in acres, roods, and perches 
which are respectively designated by the letters A, R^ P. 

When the linear dimensions of a survey are chains or liokn 
the area will be expressed in square chains or square links, 
and it is necessary to form a rule for reducing this area to 
acres, roods, and perches. For this purpose, let lis form the 
following 

TABLE. 

1 square chain =100x1 00 =10000 square links. 
I acre =10 square chains =100000 square links 

1 acre =4 roods =160 perches. 
1 square mile =6400 square chains =640 acres. 

6. Now, when the linear dimensions are links, the area 
will be expressed in square links, and may be reduced to 
acres by dividing by 100000, the number of square links in an 
acre : that is, by pointing off five decimal places from th<^ 
right hand. 

If the decimal part be then multiplied by 4, and five places 
ot decimals pointed off from the right hand, the figures to the 
left hand will express the roods. 

If the decimal part of this result be now multiplied by 40» 
and five places for decimals pointed off, as before, the figures 
to the left will express the perches. 

If one of the dimensions be in links, and the other in chains, 
the chains may be reduced to links by annexing two ciphers, 
or, the multiplication may be made without annexing the ci 
phers, and the product reduced to acres and decimals of an 
acre, by pointing off three decimal places at the right hand. 

When both dimensions are in chains, the product is re- 
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Incod to acres by diyiding by 10, or pointing off one decimal 
place. 
FTom which we conclude : that, 

1. If links be muUiplied by links, the product is reduced to 
aores by pointing off Jive decimal places from the nght hand. 

II If chams be multiplied by links, the product is reduced to 
acres by pointing off three decimal places from the right hand. 

III. If chains be multiplied by chains, the product is reduced 
to acres by pointing off one decimal place from the right hand, 

7. Since there are 16.5 feet in a rod, a square rod is equal 
to 16.5 X 16.5=272.25 square feet. 

If the last number be multiplied by 160, we shall have 

272.25 X 160=43560 the square feet in an acre. 

Since there are 9 square feet in a square yard, if the last 
number be divided by 9, we obtain 

4840= the number of square yards in an acre 

PROBLEM I. 

To find the area of a square, a rectangle, a rhombus, or a 
parallelogram. 

RULE. 

Multiply the base by the perpendicular height afid the produd 
wia be the area (Bk. IV. Th. vui). 

EXAMPLES. 

D 



1. Required the area of the square 
ABCDy each of ^hose sides is 36 feot 



A 



I 
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Wb multiply two sides of 
the square together, and the 
product is the £irea in square 
feet. 



Operatiam. 
36x36=1296 sq. ft. 



2. How many acres, roods, and perches, in a square whose 
sido is 35.25 chains? Ans. 124 A,\ R,\ P 

3. What is the area of a square whose side is 8 feet 4 
inches? An*. 69/f. 6' 4" 

4. What is the contents of a square field whose side is 46 
fods? Ans. 13 A, R. 36 P. 

5. What is the area of a square whose sido is 4769 yBrde ? 

Ans. 22743361 sq. yds 



6. What is the area of the parallelo- 
gram ABCDj of which the base AB is 
64 feet, and altitude DE, 36 feet ? 





C 



We multiply the base 64, 
by the perpendicular height 
36, and the product is the re- 
quired area. 



Operation. 
64X36=2304 j^./t 



7. What is the area of a parallelogram whose base is 13J85 
yards, and altitude 8.5 ? Ans 104,125 sq, yds. < 

8. What is the area of a parallelogram whose base is 8.75 
diains, and altitude 6 chains ? Ans, b A, \ R OP. 

9. What is the area of a parallelogram whose base is 7 ^tsoi 
9 inches, and altitude 3 feet 6 inches ? 

Ans,'Zl sq,ft, 1' 6* 
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10. To find the area of a rectangle 
ABCD, of which the base ABz=A5 
yards, and the altitude AD=zl5 yards. 

Here we simply multiply 
the base by the altitude, and 
the product is the area. 




Operatian ^ 
45x15=675 sq, yda. 



11. What is the area of a rectangle whose base is 14 feel 
6 inches, and breadth 4 feet 9 inches ? 

Ans. 68 sq,ft, 10' 6". 

12. Find the area of a rectangular board whose length it 
112 feet, and breadth 9 inches. Ans, 84 sq, ft. 

13. Required the area of a rhombus whose base is 10.51 
and breadth 4.28 chains. Ans, Ac A. I R. 39.7 P+. 

14. Required the area of a rectangle whose base is 13 feot 
6 inches, and altitude 9 feet 3 inches. 

Ans, lib sq, ft, T 6" 

PROBLEM II. 

To find the area of a triangle, whea the base and altitude 
are known. 

RULB. 



I. Multiply the base by the altitude^ and half the product m 
he the area, 

II. Multiply the base by half the altitude and the produei will 
be the area (Bk. IV. Th. ix). 

EXAMPLSS. 

I. Required the area of the triangle 
ABC^ whose base AB is 10,75 feet, 
ani altitude 7,25 feet. 

16 
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We first multiply the base 
Vy the altitude, and then di- 
Md« the product by 2. 



Operation. 



10,75x7,25=77,9375 

and 
77,9375-2=38,96875 
=area 
2 What is the area of a triangle whose base is 18 feet 4 
inches, and altitude 11 feet 10 inches? 

Ans 108 sq. ft, 5' 8". 

3. What is the area of a triangle whose base is 12^5 
chains, and altitude 8.5 chains ? Ans, 5 A. OR, 33 P. 

4. What is the area of a. triangle whose base is 20 feet, 
uid altitude 10.25 feel. ^n^. 102.5 sq, ft. 

5. Find the area of a triangle whose base is 625 and alti« 
tude 520 feet. Ans. 162500 sq. ft 

6. Find the number of square yards in a triangle whose 
base is 40 and altitude 30 feet. Ans, 66§ sq, yds. 

7. What is the area of a triangle whose base is 72.7 yards, 
and altitude 36.5 yards? Ans, 1326,775 sq, yds 

PROBLEM III. 

To find the area of a triangle when the three sides nm 
known. 

RULE, . 

[. Add the three sides together and take half their sum, 

II . From this half sum take each side separately. 

III. Multiply together the half sum and each of the three 
remainders, and^then extract the square root of the product, 
uthich will he the required arta. 
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EXAMPLS8. 


1. Find the 
10 rods. 


area of a triangle whose, sides are 20, 30, and 


20 
30 


45 45 45 
20 30 40 


40 
2)90 
45 half sum 


25 1st rem, 15 2d rem. 5 Bd rem. 

9 



Then, to obtain the product, we have 

45x25x15x5=84375; 
from which we find 

area= -/84375 =290,4737 perches. 

2. How many square yards of plastering are there in a tn- 
sngie, whose sides are 30, 40, and 50 feet ? Ans. 66). 

3. The sides of a triangular field are 49 chains, 50.25 
chains, and 25.69 : what is its area ? 

Ans, 61 A. 1 R. 39,68 P 

4. What is the area of an isosceles triangle, whose base is 
20, and each of the equal sides 15 ? Ans, 111 803. 

5. How many acres are there in a triangle whose three 
sides are 380, 420 and 765 yards. Ans. 9 A. OR. 38 P. 

6. How many square yards in a triangle whose sides are 
13, 14, and 15 feet. Ans. 9j. 

7 What is the area of an equilateral triangle whose side 
i« 25 feet? Ans. 270.6329 sq. ft. 

8. What is the area of a triangle whoso sides are 24, 36, 
aud 48 yards ? Ans 418.282 sq. yds. 
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PROBLEM IT. 

To find the hypothenuse of a right angled triangle when 
the base and perpendicular are known 

RULE. 

I. Square each of the sides separately. 

II. Add the squares together, 

III. Extract the square root of the stim, which witt be the hy- 
pothenuse of the triangle (Bk. IV. Th. xii). 

EXAMPLES. 

1. In the right angled triangle ABCy 
we have, AB=30 feet, BC=40 feet, to 
dnd^C. 




30* = 900 
40* =1600 



sum =2500 



We first square each side, 
and then take the sum, of 
which we extract the square 
root, which gives 

^C=V2500=50 feet. 

2. The wall of a building, on the brink of a river, is 120 
feet high, and the breadth of the river 70 yards : what is tho 
length of a line which would reach from the top of the wall to 
the opposite edge of the river? Ans, 241.86 ft, 

3. The side roofs of a house of which the eaves are of the 
same height, form a right angle at the top. Now, the length 
of the rafters on one side is 10 feet, and on the other 14 feet : 
what is the breadth of the house ? Ans, 1 7.204 ft. 

4. Whit would be the width of the house, in tlie last ex« 
ample, if the rafters on each side were 10 feet? 

Ans, 14.142 ft. 
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5. What would be the width, if the rafters on each side 
were 14 feet ? ^ Ans, 19,7989 ft. 

PROBLEM T. 

When the hypothenuse and one side of a right angled tri- 
angle are known, to find the o)her side. 

RULB. 

Square the hypothenuse and also the other gwen side^ and 
take their difference : extract the square root of this difference^ 
and the result wiU be the required side (Bk. IV. Th. zii. Cor.). 

EXAMPLES. 

1. In the right angled triangle i4.0C, 
there are given 

AC =50 feet, and AB=:40 feet, 
required the side BC, 

We first square the hypoth- 
enuse and the other side, after 
wliich we take the difierence, 
and then extract the square 
root, which gives 

-BC=-v/9i0O=3O feet. 

2 The height of a precipice on the brink of a river is 103 
feet, and a line of 320 feet in length will just reach from the 
top of it to the opposite bank : required the breadth of the 
river. Ans. 302.9703 ft. 

3. The h3rpothenuse of a triangle is 53 yards, and the per 
pendicnlar 45 yards : what is the base ? Ans. 28 yds. 

4 A ladder 60 feet in length, will reach to a window 40 




Operation 



50 =2500 

40^= 1600 

Difi:= 900 



i 
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feet from the ground on one side of the street, and by lumiug 
it over tu the other side, it will reach a window 50 feet from 
Uif ground : required the breadth of the street. 

Ans, 77.8875 ft. 

PROBLEM VI. 

To find the area of a trapezoid. 

RULE. ' 

Multiply the sum of the parallel sides by the pefpendteular 
distance between them, and then divide the product by two : the 
t^uotient wiU be the area (Bk. IV. Th. x). 

EXAMPLES. 

1. Required the area of the trapezoid 
ABCD, having given 



/ 




-45=321.51 feet, Z)C=214.24 f«et, and CjE:= 171.16 feei 

Operation. 



We first find the sum of the 
sides, and then multiply it by 
the perpendicular height, afler 
which, we divide the product 
by 2, for the area. 



321.514-214.24=535.75 ^ 

sum of parallel sides. 

Then, 

535.75 X 171.16=91698.97 

, 91698.97 ,,«,^,«^ 
and, — =45849.485 

=the area. 



2 What is the area of a trapezoid, the parallel sides of 
which, axe 12.41 and 8.22 chains and the perpendicular dis- 
tance between them 5.15 chains ? 

Ans. 5 A.l R. 9.956 P. 

3. Required the area of a trapezoid whose parallel sides 
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are 25 feot 6 inches, and 18 feet 9 inches, and the porpen* 
dicolai distance between them 10 feet and 5 inches. 

Am. 230 sq. ft. 5' T. 

4. Required the area of a trapezoid whose parallel sides 
are 20.5 and 12.25, and the perpendicular distance between 
them 10.75 yards. Ans. 176.03125 sq, yds. 

5. What is the area of a trapezoid whose parallel sides are 
7.50 chains, and 12.25 chains, and the perpendicular height 
15.40 chains ? Ans, 15 A. R, 33.2 P 

PROBLEM YII. 

To find the area of a quadrilateraL 

RULE. 

Measure the four sides of the quadrilateral^ and also one of the 
diagonals : the quadrilateral wM thus he divided into two trian- 
gleSf in both of which all the sides wUl be known, Then^ find 
the areas of the triangles separately , and thevr sum will be tkt 
area of the quadrilateral. 

EXAMPLES. 

1. Suppose that we have meas- 
ured the sides and diagonal AC^ of 
the quadrilateral ABCD, and found 

a: 

^5=40.05 chains; CD=z29.87 chains, 
50=26.27 chains ilD=:37,07 chains, 

and A C= 55 chains: 

required the area of the quadrilateral 

.^ Ans. 101 A. 1 R 15 P 
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Remark. — Instead of measuring 
tlie four sides of the quadrilateral, y^ 

we may let fall the perpendicu- y^ 

lars Bhy Dgy on the diagonal AC, ^\^ 
The area of the triangles may thee v 

be determined by measuring these o 

perpendiculars and diagonal AC. The pendiculars are,2)^'= 
18.95 chains, and ^6=17.92 chains. 

2. Required the area of a quadrilateral whose diagonal is 
60.5, and two perpendiculars 24.5, and 30.1 feet. 

Ans, 2197.65 sq.ft. 

3. What is the area of a quadrilateral whose diagonal Lb 
108 feet 6 inches, and the perpendiculars 56 feet 3 inches, 
»nd 60 feet 9 inches ? Ans. 6347 sq.ft. 3'. 

4. How many square yards of paving in a quadrilateral 
whose diagonal is 65 feet, and the two perpendiculars 28, and 
33i feet ? ^71^. 222i^ sq. yds. 

5. Required the area of a quadrilateral whose diagonal is 
42 feet, and the two perpendiculars 18, and 16 feet. 

Ans, 714 sq. ft. 

6. What is the area of a quadrilateral in which the diago- 
nal is 320.75 chains, and the two perpendiculars 69.73 chains, 
and 130.27 chains ? Ans. 3207 A. 2 R. 

PROBLEM Till. 

To find the area of a regular polygon. 

RULS. 

Multiply half the perimeter of the fgurt hy the perpendicular 
let fall from the centre on one of the sides, and the product will 
he the area (Bk. IV. Th. xxvi) 
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EXAMPLES. 



1. Required the area of the regular 
pentagon ABODE, each of whose 
sides AB^ BC, dec, is 25 feet, and 
the perpendicular OP, 17.2 feet 




We first multiply one side 
by the number of sides and 
divide the product by 2 : this 
gives half the perimeter which 
we multiply by the perpen- 
dicular for the area. 



Operaiion. 



25X5 



=:62.5=half the pehn»> 



eter. Then, 

62.5x17.2=1075 sq. ft.=zihe 
area. 



2. The side of a regular pentagon is 20 yards, and the per- 
pendicular from the centre on one of the sides 13,76382 ; re- 
quired the area. 

Ans. 688.191 sq. yds. 

3. The side of a regular hexagon is 14, and the perpen- 
dicular from the centre on one of the sides 12.1243556 : re- 
quired the area. 

Ans. 509.2229352 sq.ft. 

4. Required the area of a regular hexagon whose side is 
14.6, and perpendicular from the centre 12.64 feet 

Ans. 553.632 sq ft. 

5. Required the area of a heptagon who<»e side is 19,38 

and perpendicular 20 feet. 

Ans. 1356.6 sq. ft 

The following table shows the areas of the ten regular 
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polygons ^hen the side of each is equal to 1 : it also showB 
the length of the radius of the inscribed circle. 



Number of 

sides. 


Names. 


Areas. 


Radius of inscnbod i 
circle. 


3 


Triangle, 


0.4330127 


0.2886751 


4 


Square, 


1.0000000 


0.5000000 


5 


Pentagon, 


1.7204774 


0.6881910 


6 


Hexagon, 


2.5980762 


0.8660254 


7 


Heptagon, 


3.6339124 


1.0382617 


8 


Octagon, 


4.8284271 


1.2071068 


9 


Nonagon, 


6.1818242 


1.3737387 


10 


Decagon, 


7.6942088 


1.5388418 


11 


Undecagon, 


9.3656404 


1.2028437 


12 


Dodecagon, 


11.1961524 


1.8660254 



Now, since the areas of similar polygons axe to each other 
AS the squares described on their homologous sides (Bk. IV 
Th. xx), we have 



area. 



1 : tabular area : : any side squared : 

Hence, to find the area of a regular polygon, we have the 
following 

RULE. 

[ Squwre the side of the polygon. 

II. Mtdtiply the square so founds by the tabular area set oppo- 
site the polygon of the same number of sidesy and the prodiui 
will be the trea. 

EXAMPLES. 



1. AVhat is the area of a regular hexagon whose side is 20 
20'=400 and tabular area =2,5980762. 

Hence, 

2.5980762 X 400= 1039.23048=the area. 
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2. ^liat is the area of a pentagon whose sido is 25 ? 

Ans. 1075.29837ft. 

3. What is the area of a heptagon whose sido is 30 feet' 

Ans. 3270.52116 

4. What is the area of an octagon whose side is 10 feot \ 

Ans. 4813.84271 sq. ft 

6. The side of a nonagon is 50 : what is its area ? 

Ans. 15454.5605 

6. The side of an undecagon is 20 : what is its area ? 

Ans. 3746.25616. 

7. The side of a dodecagon is 40 : what is its area ? 

Ans. 17913.84384. 

PROBLEM IX. 

To find the area of a long and irregular figure, boimded jn 
one side by a straight line. 

RULE. 

I. Divide the right line or base into any number of equal 
parts J and measure the breadth of the figure at the points of di 
vision^ and also at the extremities of the base. 

II. Add together the intermeduUe breadths^ and half the sum 
of the extreme ones- 

III. Multiply this sum by the base line, and divide the produd 
bf^ the number of equal parts of the base. 

EXAMPLES. 

1. The breadths of an irregu- ^ 

lar figure, at five equidistant ^ h — ""i I | 

places, Ay B, C, A and E, be- j ^ — ^ — j^ ^ 

ing 8.20 chains, 7.40 chains. 
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9.20 cliains, 10.20 chains, and 8.60 chains, and the whok 

length 40 chains : required the area. 

8.20 35.20 
8.6 40 

2)76180 4)1408.00 

8.40 mean of the extremes. 352.00 square chains. 
7.40 
9.20 
1020 

35.20 tho sum. 

Ans. 35 A. 32 P. 

2. The length of an irregular piece of land being 21 chains 
and the breadths, at six equidistant points, being 4.35 chains 
5.15 chains, 3.55 chains, 4.12 chains, 5.02 chains, and 6.10 
chains : required the area. Ans. 9 A, 2 R. 30 P. 

3. The length of an irregular figure is 84 yards, and the 
breadths at six equidistant places are 17.4 ; 20.6 ; 14.2 ; 16.5; 
20.1 ; and 24.4 : what is the area ? Ans, 1550.64 sq. yds, 

4. The length of an irregular field is 39 rods, and its 
breadths at five equidistant places, are 4.8 ; 5.2 ; 4.1 ; 7.3 , 
and 7.2 rods : what is its area ? Ans. 220.35 sq. rods. 

5. The length of an irregular field is 50 yards, and its 
breadths at seven equidistant points, are 5.5 ; 6.2 ; 7.3 ; 6 ; 
7.5 ; 7 ; and 8.8 yards : what is its area ? 

Ans. 342.916 sq. yds. 

6. The length of an irregular figure being 37.6, and the 
breadths at nine equidistant places, 0; 4.4 ; 6.5 ; 7.6 ; 5.4 ; 8; 
5.2 ; 6.5 ; and 6.1 : what is the area? Ans. 219.255. 

PROBLEM X. 

To find the circumference of a circle when the diameter is 
known. 
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KULE 

Multiply the dtanmter hy 3.1416, and the ffoduet will U Ai 

circumference. 

SZAMPLE8. 

1. What is the circumference of a circle whoso diameter 
i3l7? 

We simply multiply the 
number 3.1416 by the diam- 
eter and the product is the 
circumference 



Operation. 
3.1416x17=53.4072, 
which is the circumference. 



2. What is the circumference of a circle whose diameter is 
40 feet ? Ans. 125.664 ft. 

3. What is the circumference of a circle whose diameter is 
12 feet ? Ans. 37.6992 ft. 

4. What is the circumference of a circle whose diameter is 
22 yards 1 Ans. 69.1152 yds. 

5. What is the circumference of the earth — the mean diam- 
eter being about 7921 miles ? Ans, 24884.6136 mi. 

PROBLEM XI. 

To find the diameter of a circle when the circumference is 
known. 

RULE. 

Divide the circumference hy the number 3.1416 and the qwh 

tient wiU be the diameter. 

EXAMPLES. 

1. Tho circumference of a circle is 69.1152 jfaids : what 

is tho diameter ' 
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We simply divide the cir- 
cumference by 3.1416, and 



Operatum, 
3.1416)691152(23 



the quotient 22 is the diam- ^2S2>2 

eter sought. ^^'^ 

® 62832 

2. What is the diameter of a circle whose circumference is 
11652.1944 feet ? Ans. 3709. 

3. What is the diameter of a circle whose circumference is 
6850? ^nf. 2180.4176. 

4. What is the diameter of a circle whose circumference is 
50? ^n^. 15.915. 

5. If the circumference of a circle is 25000.8528, what is 
the diameter ? Ans, 7958. 

PROBLEM XII. 

To find the length of a circular arc, when the number ot 
degrees which it contains, and the radius of the circle are 
known. 

RULE. 

Multiply the number of degrees by the decimal .01745| and 
the product arising by the radius of the circle, 

EXAMPLES. 

1. What is the length of an arc of 30 degrees, in a circle 
whose radius is 9 feet. 



We merely multiply the 
given decimal by the number 
of degrees, an I by the radius. 



Operation, 

.01745x30x9=4.7115, 

which is the length of the are 

Remark. — ^When the arc contains degrees and minutes, r©. 
duce the minutes to the decimals of a degree, which is doa« 
by dividing them by 60. 
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2. What is the length of an arc containing 12* lO' of 
12«,* the diameter of the circle being 20 yards ? 

Ans. 2.1231 

a What is the length of an arc of 10* 15' or lO^^, in a 
circle nrhose diameter is 68? Ans. 6.0813. 

PROBLEM XIII. 

To find the length of the arc of a circle when the chovd 
and radius are given. 

RULE. 

1. Find the chord of half thfi arc. 

IT From eight times the chord of half the arc^ subtrad tha 
chord of the whole arc^ and divide the remainder by 3, and tk$ 
quotient toiU be the length of the arc, nearly. 

EXAMPLES. 

1. The chord AB=z30 feet, and the 
radius ^0=20 feet: what is the 
length of the wrc^ADB ? 

First draw CD perpendicular to the 
chord AB : it will bisect the chord at 
P, and the arc of the chord at D. 
Then AP=15 feet. Hence, 

A^'-AP^CP: that is, 
400—225=175 and V 175= 13.228= CP. 
Then CD- CP=20- 13.228= 6.772 =i>P. 

^D=-/jrP+PB'='/225+45.859984 : 
^Z}= 16.4578= chord of the half arc. 




Again, 

hence, 
Then, 



16.4578x8-30 



= 33.8874= arc ADB. 



20 
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2. What is the length of an arc the chord of which is 24 
feet, and the radius of the circle 20 feet ? 

Ans. 25,7309 ft. 

3. The chord of an arc is 16 and the diameter of tho ciiclo 
20 * what is the length of the arc ? Ans. 18.5178. 

4. The chord of an arc is 50, and the chord of half the 
arc is 27 : what is the length of the arc ? Ans. ddj. 

PROBLEM XiV. 

To find the area of a circle when the diameter and circmn* 
Terence are both known. 

RULE. 

Multiply the circumference by half the rtultus and the prodiuet 
wiU be the area (Bk. IV. Th. xxvii). 

EXAMPLES. 

1. What is the area of a circle whose diameter is 10, and 
circumference 31.416 ? 

If the diameter be 10, the 



Operation. 
31.416x21=78.54; 



which is the area. 



radius is 5^ and half the ra- 
dius is 2^: hence, the cir- 
cumference multiplied by 2^ 
gives the area. 

2. Find the area of a circle whose diameter is 7; and cij> 
cumference 21.9912 yards. Ans. 38.4846 yds. 

3. How many square yards in a circle whose diameter is 
H^ feet, and circumference 10.9956. Ans. 1.069016. 

4. What is the area of a circle whose diameter is 100, and 
circumference 3 >4. 16 7 Ana 7854 
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5. What is the area of a circle whose diameter is l, and 
circumference 3.1416. Ans. 0.78M. 

6. What is the area of a circle whose diameter is 40, and 
circumference 131.9472? Ans. 1319.472. 

PROBLEM XV. 

To find the area of a circle when the diameter only la 
known. 

RULE. 

Square the diameter, and then multiply by the decimal .7854 

EXAMPLES. 

What is the area of a circle whose diameter is 5 ? 



We square the diameter, 
iKrhich gives us 25, and we 
Uien multiply this number 
and the decimal .7854 to- 
gether. 



Operation. 

•7854 

?=r 25 

39270 
15708 



area =19.6350 



2. What is the area of a circle whoso diameter is 7 ? 

Ans. 38.4846. 

3. What is the area of a circle whose diameter is 4,5 ? 

Ans. 15.90435. 

4. What is the niunber of square yards in a :.ucle whose 
diameter is 1| yards ? Ans, 1.069016. 

5. What is the area of a circle whose diameter is 8.75 
feet? Ans. 60.1322 sq.ft. 

PROBLEM xvi. 

To find the area of a circle when the circumference only 
is known. 
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BULB. 

Multiply the square of the eircunferenee hy the decimal .07958, 
and the product unU be the area very nearly. 

SXAMPLES. 

1. What is the area of a circle whose circumference ie 
3.1416? 

Operation. 



We first square the cir- 
cumference, and then multi- 
ply by the decimal ,07958. 



3.1416*=9,86965056 

,07958 

area=.78544- 



2. What is the area of a circle whose circumference is 91 1 

Ans. 659.00198. 

3. Suppose a wheel turns twice in tracking 16^ feet, and 
that it turns just 200 times in going round a circular bowling- 
f[teen : what is the area in acres, roods, and perches ? 

Ans. 4 A.3 R. 35.S T 

4. How many square feet are there in a circle whose cir 
rumference is 10.9956 yards? Ans. 86.5933. 

5. How many perches are there in a circle whose circuiu 
ference is 7 miles ? Ans. 399300.608. 

PROBLEM XYII. 

Having given a circle, to find a square which shall have an 
equal area. 

RULE. 

« 

I. The diameter x.S862=^ side of an equivalent square 

II. The circumference X .2821 ^=iside of an equivalent square 
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BXiLMPLES. 

1. The diameter of a circle is 100 : what is the siile of t 
iquare of equal area ! Ans, 88.62. 

2. The diameter of a circular fishpond is 20 feet, what 
would be the side of a square fishpond of an equal area ? 

-All*. 17.724 ^/». 

3. A man has a circular meadow of which the diameter is 
875 yards, and wishes to exchange it for a square one of equal 
size : what must be the side of the square ? 

Anjt. 775.425. 

4. The circumference of a circle is 200 : what is the side 
of a square of an equal area ? Ans, 56.42. 

5. The circumference of a round fishpond is 400 yards : 
what is the side of a square pond of equal area ? 

Ans. 112.84. 

6. The circumference of a circular bowling-green is 412 
3rard8 : what is the side of a square one of equal area ? 

Ans. 116.2252 yJj. 

7. The circumference of a circular walk is 625 : what is 
the side of a square containing the same area ? 

Ans. 176.3125. 

PROBLEM XVIII. 

Having given the diameter or circumference of a circle, to 
&nd the side of the inscribed square. 

RULE. 

I. The diameter X .7071 =zside of the inscribed square. 

II. The ctrcumferem^eX.225l=iside of the inscribed square. 

20* 
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EXAMPLES. 

. Tho diameter AB of a circle 
•fl 400 : what is the value of ACf 
the side of the inscribed square ? 
Here, 

.7071 X400=:282.8400=^C. 



2. The diameter of a circle is 412 feet : what is the side 
of the inscribed square ? Ans. 291.3252 ft 

3. If the diameter of a circle be 600 what is the side oi 
the inscribed square ? Ans 424.26. 

4. The circumference of a circle is 312 feet : what is the 
side of the inscribed square ? Ans, 70.2312 ft. 

5. The circumference of a circle is 819 yards : what is the 
side of the inscribed square ? Ans. 184.3569 yds. 

6. The circumference of a circle is 715 : what is the side 
of the inscribed square ? Ans, j 60.9465. 

7. The circumference of a circular walk is 625 : what is 
the side of an inscribed square ? Ans. 140.6875. 

PROBLEM XIX 

To find the area of a circular sector 

RULE. 

I. Find the length of the arc h^ Problem XII. 

\e are by one half the radius^ and the product 



I 

I — t- J 

A HfiJiX be the area 




OFGEOMETRY. 235 

Mensuration of Surfaces. 

BXAMPLBS. 

1. What is the area of the circular 
sector ACB, the arc AB containini^ 
18**, and the radius CA being equal to 
3 feet. 2 

First, .01745 X 18 X 3=. 94230= length AB, 
Then, .94230 X i;= 1.41345=area 

2. What is the area of a sector of a circle in which the ra- 
dios is 20 and the arc one of 22 degrees ? 

Ans. 76.7800. 

3. Required the area of a sector whose radius is 25 and 
the arc of 147' 29'. Ans. 804.2448. 

4. Required the area of a semicircle in which the radius is 
13. Ans. 265.4143. 

5. What is the area of a circular sector when the length of 
the arc ia 650 feet and the radius 325 ? 

Ans. 105625 sq. ft. 

PROBLEM XX. 

To find the area of a segment of a circle. 

RULB. 

I. Find the arm of the sector having the same are wM the 
segment, by the last Problem. 

II. Find the area of the triangle formed by the chord of the 
segment and the two radii through its extremUtes. 

Ill If the segment ts greater than the semicircle, add the two 
areas together; but if it is less, subtract them, and the result in 
nthei case^ wHl be the area required. 
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EXAMPLES. 



1. What is the area of the aeg- 
meiit ADBy the chord AB=24 
feet and CA =20 feet. 



First, CP=^/cT-AP 

= -/400— 144=16 
Then, 
PZ>=Ci)-CP=20-16=4. 




And, A2)=vG4p+P5'='/1444- 16=12,64911 : 
then. 



arc 



^^^^12.64911^x8-24^,^^^^3^^ 



Arc ^2)5=25,7309 

half radius = 10 

area sector AZ)J5C= 257,3090 
area C^5=192 



AP=12 
CP=16 

area C-A5=192 



65,309= area of segment ADB 



2. Find the area of the seofment 
AFBj knowing the following lines, 
viz: ^5=20.5; PP=17.17; AF 
=20; PG=1L5; and 0^ = 11.64. 




A Ani? ^'G?x8-^F 11.5x8-20 „, 
Arc AGF= = =24 : 

and sector AGFBC=:24 x 11.64=279.36 : 

bwi CP=PP—AC=17.17— 11.64=5.53 : 

•ru .^^ ABxCP 20.5x5.53 

Then, area ACB= = -L-' =56.6825 



I 
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Then, area of sector AFBC=:279.36 

do. of triangle ABC=: 56.6825 
gives area of segment AFB=z336.0425 

3 Wliat is the area of a segment; th^ radius of the eircl 
being 10 and the chord of the arc 12 yards ? 

Ans. 16.324 sq, yds. 

4. Required the area of the segment of a circle whooe 
chord is 1 6, and the diameter oi the circle 20. 

Ans. 44.5903. 

5. What is the area of a segment whose arc is a quadrant, 
the diameter of the circle being 18 ? Ans. 63.6174. 

6. The diameter of a circle is 100, and the chord of the 
segment 60 : what is the area of the segment ? 

Ans. 408, nearly. 

PROBLEM XXL 

To find the area of an ellipse. 

Multiply the two axes together^ and their product by the decimal 
,7854, and the result mil be the required area. 

EXAMPLES. 

1. Required the area of an ellipse, 
\vho8e transverse axis AB=zlO feet, 
ID I the conjugate axis DEz=:bO feet. 

ABxDE=^10x 50=3500 : 

Then, .7854 X 3500 = 2748.9 = area. 

2. Required the area of an ellipse whose axes are 24 and 
1 \ Ans. 339.2928. 
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3. What is the area of an ellipse whose axes are 80 and 
60 ? Ans, 3769.92. 

4. What is the area of an ellipse whose axes are 50 and 
45! Ans, 1767.15. 

PROBLEM XXII. 

To find the area of a circular ring : that is, the area in- 
cluded between the circumferences of two circles, having a 
common centre. 

RULE. 

I. Square the diameter of each nng, and subtract *he square 
of the less from that of the greater. 

II. Multiply the difference of the squares by tht d*ctmai 
7854, and the product mil be the area, 

EXAMPLES. 



1. In the concentric circles 
having the common centre C, we 
have 

AB=10 yds., and Z)JS=6 yards : 
what is the area of the space in- 
cluded between them T 




Then, 



5I'=10'=100 

51*= ?= 36 

Difference =64 

63 X .7854=50.2656=area. 



2. What is the area of the ring when the diameters of the 
circle are 20 and 10 f Ans. 235.62. 
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3. If the diameters are 20 and 15, what will be the area in- 
cluded between the circumferences ? Ans 137.445. 

4. If the diameters are 16 and 10, what will be the area in- 
chided between the circumferences ? Ans. 122.5224. 

5 Two diameters are 21.75 and 9.5 ; required the area ni 
die circular ring. Ans, 300.6609 

6. If the two diameters are 4 and 6, what is the area of die 
ring? Ans. 15.708 



MENSURATION OP SOLIDS. 



DBFINITIONS. 



The mensuration of solids is divided into two parts. 

Ist, The mensuration of the surfaces of solids : and 

2d, The mensuration of their solidities. 

We have already seen that the unit of measure for plane 
surfaces, is a square whose side is the unit of length (Bk. IV 
Def. 7). 

2. A curve line which is expressed by numbers is also re^ 
ferred to an unit of length, and its numerical value is the num- 
ber of times which the line contains the unit. 

If then, we suppose the linear unit to be reduced to a 
snaight line, and a square constructed on this line, this square 
will be the unit of measure for curved surfaces. 

3. The unit of solidity is a cube, whose edge is the unit in 
which the linear diQiensions of the solid are expressed ; and 
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the face of this cube is the superficial unit in which the sur- 
face of the solid is estimated (Bk. VI. Th. xiii. Sch). 

4 The following is a table of solid measure. 

1 cubic foot =1728 cubic inches. 

1 cubic yard =27 

1 cubic rod =4492| 

1 ale gallon =282 

1 wine gallon =231 



cubic feet, 
cubic feet, 
cubic inches, 
cubic inches. 
] bushel =2150,42 cubic inches. 



PROBLEM 1. 

To find the surface of a right prism. 

RULE. 

Multiply the perimeter of the base by the altitude and the pffh 
duct wiU be the convex surface : and to this add the area of the 
baseSf when the entire surface is required (Bk. VI. Th. i). 

ElAMPLES 



1. Find the entire surface of the 
regular prism whose base is the reg- 
ular polygon ABCDE and altitude 
AFy when each side of the base is 
20 feet and the altitude AF, 50 feet. 




AB+BC+CD+DE+EA=100; and ^F=50 : then 
(AB+BC+ CD+DE+EA) x ili='=convex surface 



OF GEOMETRY. 241 



Mensaration of Solids. 



which becomes, 100x50=5000 square feet; which is the 
convex surface. For the area of the end, we have 

AE^ X tabular niunber=area ABODE y 

^«a is, 20* X tabular number, or 400 x 1.720477=688.1908 = 

ihc area ABODE, 

Then, convex surface =5000 square feet. 

lowei base 688.1908 square feet. 

upper base 688.1908 square feet. 

Entire surface 6376.3816 

2. What is the surface of a cube, the length of each siae 
being 20 feet ? Ans. 2400 sq, ft. 

3. Find the entire surface of a triangular prism, whose base 
is an equilateral triangle, having each of its sides equal to 18 
inches, and altitude 20 feet. Atis, 91.949 sq. ft. 

4. What is the convex su'^ace of a regular octagonal prism, 
^He side of whose base is 15 and altitude 12 feet ? 

Ans. 1440 sq. ft. 

5. What must be paid for lining a rectangular cistern w'th 
lead at 2d a pound, the thickness of the lead being such as to 
require lib. for each square foot of surface ; the inner dimen- 
sions of the cistern being as follows : viz. the length 3 feet 2 
inches, the breadth 2 feet 8 inches, and the depth 2 feet 6 
inches? Ans. £2 Zs I0{d 

PROBLEM II 

To find the solidity of a pnsm. 

RULE. 

MrdHply the area of the base by the perpendicular height, cmd 

the product wUl he the solidity. 
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BXiKPLie. 



1. What is the solidity of a reg- 
ular pentagonal prism whose altitude 
IS 20, and each side of the base 15 
foet ? 

To find the area of the base we 
have by Problem VIII. page 178. 




i5'=225: and 225x1.7204774=387.107416= 

the area of the base : hence, 

387.107415 x20=7742.1483=solidity. 

2. What is the solid contents of a cube whose side is 34 
inches ? Ans, 13824 solid in. 

3. How many cubic feet in a block of marble, of which the 
length is 3 feet 2 inches, breadth 2 feet 8 inches, and height 
or thickness 2 feet 6 inches ? Ans. 21^ solid ft. 

4. How many gallons of water, ale measure, will a cistern 
contain whose dimensions are the same as in the last ex- 
ample? Ans. 129}). 

ft. Required the solidity of a triangular prism Trhose alti- 
tude is 10 feet, and the three sides of its triangular base 3, 4, 
and ft feet. Ans. 60 solid fi. 

0. What is the solidity of a square prism whose height ia 
5 J fcot, and each side of the base Ij foot ? 

Ans 9} soltd ft. 



OP OEOMKTRT. 
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7. What is the solidity of a prism whose base is an equi« 
lateral triangle, each side of which is 4 feet, the height ol the 
prisiii being 10 feet? Ans. 69.282 solid ft. 

8. What is the number of cubic or solid feel in a regular 
peotLgonal prism of which the altitude b 15 feet and each 
Avle of the base 3.75 feet ? Ans. 362.913 

PROBLEM III. 

To find the surface of a regular pyramid* 

RULB. 

Multiply the perimeter of the base by half the slant height^ 
and the product will be the convex surface : to this add the area 
of the base, if the entire surface is required (Bk. VI. Th vi^ 



EXAMPLES. 

I. In the regular pentagonal pyramid 
8--ABCDE, the slant height SF is 
equal to 45, and each side of the base 
IS 15 'feet: required the convex sur- 
face, and also the entire surface. 

15x5 =75= perimeter of the base, 
75x22^=1687.5 square feet = area of 
convex surlace. 



And 15*=225: then225xl.7204774=387.107415=thearea 

of the base. 

Hence, convex surface =1687.5 

area of the base= 387.107415 
Entire surface =2074.607415 square feot 
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2. What is the convex sunace of a regular triangular p3nra- 
mid, the slant height being 20 feet, and each side of the base 
3 feet ? Ans. 90 sq. ft. 

3. What is the entire surface of a regular pyramid whose 
«tant height is 15 feet, and the base a regular pentagon, of' 
which each side is 25 feet? Ans. 2012.798 sq, ft 



PR0BL£M lY. 

To find the convex surface of the frustum of a regulaz 
pyramid. 

RULE. 

Multiply half the sum of the perimeters of the two bases &y 
the slant height of the frustum, and the product wiU be the con' 
war sufface (Bk. VI. Th. vii). 

EXAMPLES. 

1. In the frustum of the regular pen- 
tagonal pyramid each side of the lower 
base is 30, and each side of the upper 
base is 20 feet, and the slant height 
fF is equal to 15 feet. What is the 
convex surface of the frustum ? 

Ans. 1875 sq. ft. 

2. How many square feet are there in the convex surface 
of the frustum of a square pyramid, whose slant height is 10 
fe^^t, each side of the lower base 3 feet 4 inches, and each 
aide of the upper base 2 feet 2 'nches ' Ans. 110. 

3. What is the convex surface ot the frustum of a heptago 

nai pyramid whose slant height is 55 feet, each side of the 

lowoi base 8 feet, and each side of the upper base 4 feot ? 

Ans. 2310 sq. ft. 
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PROBLEM V. 



To find the solidity of a pyramid. 



RULE. 



Multiply the area of the base by the altUude and divide the pro' 
duct by 3, the quotient wiU be the solidity (Bk. VI. T)l xvu). 



FZAMPLES. 



1 What is the solidity of a pyramid 
the area of whose base is 215 square 
feet and the altitude <SO=45 feet? 

First, 215x45=9675: 
then 9675 -r- 3=3225 

which is the solidity expressed in solid 
feet. 




2. Required the solidity of a square pyramid, each side ol 
its bdse being 30 and its altitude 25. Ans. 7500 solid ft. 

3. How many solid ya^ds are there in a triangular pyramid 
whose altitude is 90 feet, and each side of its base 3 yards ? 

Ans. 38.97117. 

4. How many solid feet in a triangular pyramid the altitude 
of which is 14 feet 6 inches, and the three sides of its base 5, 
6 and 7 feet? Ans. 71.0352. 

5. What is the solidity of a regular pentagonal pyramid, its 

altitude being 12 fet t, and each side of its base 2 feet * 

Ana 27.5276 solio fU 
21* 
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6 How many solid feet in a regular hexagonal pyramid 
whose altitude is 6.4 feet, and each side of the base 6 inches' 

Ans, 1.38564. 

7. How many solid feet are contained in a hexagonal pyra- 
aiid the height of which ii^ 45 feet, and each side of the base 
10 feet? ^n^. 3897.1143. 

8. The spire of a church is an octagonal p3rramid, each side 
of the base being 5 feet 10 inches, and its perpendicular 
height 45 feci. Within is a cavity, or hollow part, each side 
of the base being 4 feet 11 inches, and its perpendicular 
height 41 feet: how many yards of stone does the spire 
contain* Ans, 32.197353 

PROBLEM TI. 

1*0 tmd the solidity of the frustum of a p3rramid. 

RULE. 

Add together the areas of the two bases of the frustum and 
a geometrical mean vroportiontd between ^hem ; and then multi- 
ply the sum by the altitude, and take one-third the product far 
the solidity. 

EXAMPLES. 



1. What is the solidity of the frus- 
lum of a pentagonal pyramid the area 
of the lower base being 16 and of the 
upper base 9 square feet, the altitude 
being 1 feet ' • 
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First, 16 X 9= 144 : then, -/Til = 12, the mean 
Then, area of lower base =16 
area of upper base = 9 



mean of bases 


= 12 




37 


height 


7 




3) 259 


solidity 


=zS6isoltdft. 



2. What is the number of solid feet in a piece of timber 
whose bases are squares, each side of the lower base being 
15 inches, and each side of the upper base being 6 inches, 
the length being 24 feet ? Ans. 19.5. 

3. Required the solidity of a regular pentagonal frustum, 
whose altitude is 5 feet, each side of the lower base 18 
inches, and each side of the upper base 6 inches. 

Ans. 9.31925 solid fi. 

4. What is the contents of a regular hexagonal fnistum, 
whose height is 6 feet, the side of the greater end 18 inches, 
and of the less end 12 inches ? Ans. 24.681724 cubic ft. 

5. How many cubic feet in a square piece of timber, the 
areas of the two ends being 504 and 372 inches, and its 
length 311 feet ? Ans. 95.447. 

6. WhsX is the solidity of a squared piece of timber, its 
length being 18 feet, each side of the greater base 18 inohei'i 
and each side 'of the smaller 12 inches ? 

Ans. 28.5 evbic ft. 

7. VhaX is the solidity of the frustum of a regular hexago- 
nal pyramid, the side of the greater end being 3 feet, that of 
the less 2 feet, and the height 12 feet? 

Ans. 197.453776 soUd ft 
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MEASURES OF THE THREE ROUND BODIES. 

PROBLEM I 

To find the surface of a cylinder. 



RULE. 

MuUiply the circumference of the hose by the altitude^ and t^ 
product wiU be the convex surface ; and to this, add the areas of 
the tuH) bases, when the entire surface is required (Bk. YI. Th. ii). 

EXAMPLES. 

1. What is the entire surface of the 
cylinder in which AB, the diameter of 
the base, is 12 feet, and the altitude EF 
30 feet ? 

First, to find the circumference of the 
base, (Prob. X. page 180) : we have 
3.1416 X 12 =37.6992= circumference of 
the base. 

Then, 37.6992 x 30= 1 130.9760= convex surface. 

Also, 12^ = 1 44 : and 1 44 x .7854 = 1 1 3.0976 = area pf the 

base. 

Then. convex surface = 1 1 30.9760 

lower base 113.0976 

upper base 113.0976 

Entire area = 1357.1712 " 

2. What is the convex curface of a cylinder, the diameter 
of whose base is 20, and the altitude 50 feet ? 

Ans 3141.6 j^. A 
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3. Required the entile iurf&ce of & cylinder, whose Kltiiade 
» 20 feci and the diameter of the base 2 fecL 

Ant. 131.9473 fi. 

4. What is the convex anrface of a cylinder, the diameus 
of nho«e base is 30 inches, and altitude 5 feet ? 

Ana. 5654.8S tq. ib. 

5. Roqtured the convex surface of a cylinder, whose alti- 
tude is 14 feet, and the circumference of the base 6 feet 4 
inches. Ans. U6.6666, &c., (7. ^. 

FROBLEH II. 

To find the solidity of a cylindAr. 



H-dtiply the area of lAe base by tie ^tiUtde, and tie prodm 
vtUbethesvliditn. 

BZAHFLES. 

1. What is the solidity of a cylinder, 
die diameter of whose base is 40 feet, 
and altitude EF, 25 feet T 

First, to lind the area of the base, we 
have (Prob. xv. page 231). 

«'=1600: then, 1600 X .7854=1 256£4. 

=aTea of the base. 

Then, 1 2 sa 64 x 25=31416 soUd feet, which is the solidity, 

3. What is the solidity of a cyUnder, die diameter of whoB« 
base la 30 feet, and altitude 50 feet T 

Ana 3S343 oAk ft. 



250 APPLICATIONS 



Mensuration of the Round Bodies. 



3. What is the solidity ol a cylinder whose height is 5 feel, 
and the diameter of the end 2 feet? Ans. 15.708 soHdft 

4 . What is the sohdity of a cylinder whose height is 20 
feet, and the circumference of the base 20 feet ? 

Ans, 636.64 cubic ft. 

5. The circumference of the base of a cylinder is 20 feet, 
and the altitude 19.318 feet: what is the solidity? 

Ans, 614.93 cubic ft. 

6. What is the solidity of a cylinder whose altitude is 12 
feet, and the diameter of its base 15 feet ? 

Ans. 2120.58 cubic ft. 

7. Required the solidity of a cylinder whose altitude is 20 
feet, and the circumference of whose base is 5 feet 6 inches Y 

Ans. 48.1459 cubic ft. 

8. What is the solidity of a cylinder, the circumference of 
whose base is 38 feet, and altitude 25 feet ? 

Ans, 2872.838 cubic ft. 

9. What is the solidity of a cylinder, the circumference of 
whose base is 40 feet, and altitude 30 feet ? 

10. The diameter of the base of a cylinder is 84 yards, and 
the altitude 21 feet : how many solid or cubic yards does it 
contain ? Ans. 38792.4768. 

PROBLEM III 

Tc find the siurface of a cone. 

RULE. 

Multiply the circumference of the base by the slant height, and 
divide the product by 2 ; the quotient will be the convex surface, 
to which add the area of the base, when the entire surface in 
requirei (Bk. VI. Th. viii) 
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1 What iB the convex surface of the 
OOQO whose vertex is C, the diameter 
AD, of its base being 8^ feet, and the 
side CA, 50 feet. 



First, 3.1416x8i=36.7036=circumrerence of base 

„ 26.7036X50 „.,,,„ _. 

Then ^ =667.5 9= convex surface. 

3, Required the entire surface of ft cone whose side is 36 
and the diameter of its base 18 feet. 

Am. 1272.348 sq. ji. 

3. The diameter of the base is 3 feet, and the slant height 
15 feet : what is the convex surface of the cone T 

Ans. 70.686 sq. fi. 

4. The diameter of the base of a cone is 4^ feet, and the 
slant height 20 feet : what is the entire surface ? 

AiiS. 15757635 aq. p. 

5. The circumference of the base of a cone is lO.'S, and 
the slant height is 18JJ5: what is the entire surface! 

Atu. 107Ji9021 tq. fi 

PROBLEM Vt. 

To find the solidity of % cone. 

RULE. 

HUfipIy % area of the bate by tit alHtvde; and dmde tkt pn 
•ivct iy 3, rt< qwtieni mUbetha saHdUy {Bk. VI. Th. Tviiil. 
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fiXAMPLEM. 



1 . What 18 the solidity of a cone, the 
area of whose base is 380 square feet, 
and altitude CB, 48 feet ? 




We simply multiply the 
area of the base by the alti- 
tude, and then divide the pro- 
duct by 3. 



Operation, 

380 

48 

3040 
1520 

3)18240 

area=:6080 



2. Required the solidity of a cone whose altitude is 27 
feet, and the diameter of the base 10 feet. 

Arts. 706.86 cubk ft. 

3. Required the solidity of a cone whose altitude is 10{ 
feet, and the circumference of its base 9 feet ? 

Ans, 22.5609 cubic ft. 

4. What is the solidity of a cone, the diameter of whose 
base is 18 inches, and altitude 15 feet? 

Ans. 8.83575 cuhte ft. 

5 The circumference of the base of a cone is 40 feet, and 
the altitude 50 feet : what is the solidity ? 

Ans. 2122.1333 S9hd ft. 
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_ Menimttion of th« R q und BodipT. 
PR0B1.EH T. 

To liud ihe suiiace of ihe frustum of s c(mio 

HULB. 

Add together the eirevn^ermeet of the two baset, and multi- 
^ the sum by half ihe sUua height of the fruatum; the product 
imU be the convex euifaee, to tehich add the area* of the baaet 
vhen the entire saffaee is required (Bk. VI. Th. iz). 



1 . What is tile convex suiface of the 
fnWiun of a cone, of which the slant 
hnight is ISJ feet, and the circumfo- 
rences of the bases 8,4 and 6 feet. 



We merely tak« the sun 
(rf the circumferences of the 
bases, and multiply by half 
■be slant height, or side. 



Operaiion. 



half side 6.25 

area^90 tq. ft. 

2. What is the entire surface of the frustum of a cone, the 
side being 16 feet, and the radii of the bases 2 and 3 feet 1 

Ans. 292.1688 sq. fi. 

3. What is the conrex surface of the frustum of a cone, 
the circumference of the greater base being 30 feet, and of 
die less 10 feet; the slaut height being 20 feet? 

Arts. 400 sq, ft. 

4. Required the entire surface of the frustum of a cone 

whose slant height is 20 feet, and the diameters of the base* 

8 and 4 feet Ans. 439.924 *y. ft. 

33 
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PROBLEM YI. 

To find the solidity of the frustum of a cone. 

RULE. 

L Add together the areas of the two ends and a geometncd 
mean between them. 

II. Multiply this sum by one-third of the altitude and the 
product wiU be the solidity. 

EXAMPLES. 

1 How many cubic feet in the frus- 
tum of a cone whose altitude is 26 feet, jjfl 
and the diameters of the bases 22 and m jj 
18 feet? MK 

First, 2?X.7854=380.134=area of |H|- 
ower base : 

and 18* X .7854=254.47=area of upper base. 

Then, V380-134x254.47=3I1.018=mean. 

26 
Then, (380.134+254,47+311.018) x~ -=8195.39 which 

is the solidity. 

2. How many cubic feet in a piece of round timber the di- 
ameter of the greater end being 18 inches, and that of the less 
9 icches, and the length 14.25 feet ? Ans. 14.68943. 

c Wliat is the solidity of a jfrustum, the altitude beixig 18. 
the diameter of the lower base 8, and of the upper 4 ? 

Ans. 627.7888. 

4. If a cask, which is composed of two equal conic fruB- 
tums joined together at their larger bases, have its bung di- 
ameter 28 inches, the head diameter 20 inches, and the length 
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40 tnclies, how many gallons of wine will it conttin, ihere 
betug 231 cubic inches in a gallon ! Ant. 79.0613. 

PROBLEM VII. 

To find the surface of a sphere. 

RULE. 

IdtUipiy the arcumferenee of a great eirdt by the diameter, and 
thepTodact will be the surface (Bk. VI, Th. xxiii). 

EZA.IIPLES. 

1. What is the surface of ihe sphere 
whoM centre k C, the diameter being 
TfeetT 

Afu. 153.9384 *y. fi. 

2. What is the surface of a sphere whose diameter is 24 1 

Ans. 1809.5616. 

3. Required the surface of a sphere whose diameter is 
J%K iniles. Ans. 197U 1024 sq.mOes. 

\ Vhat is the surface of a sphere the circumference erf 
whose great circle is 78.54 ? Ans. 1963.5. 

5. What is the surface of a sphere whose diameter :8 .j 
feel ? Ans. 5.58506 sq. ft. 

PROBLEU YIII. 

To find the convex surface of a spherical zon«. 

RULE. 

Multiply the height of the tone by the circumference of a peat 
n'reie of the sphere, and the prodtiet loHi be the coiwex surfaet 
(Bk. VI. Th. Hciv). 
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EXAMPLES. 




1. What is the convex surface of 
die zone ABDy the height BE being 
9 inches, and the diameter of the 
sphere 42 inches ? 



First, 42 X 3.141 6 = 1 3 1 .9472 = circumference, 

height = 9 

surface = 1187.5248 square inches. 

2. The diameter of a sphere is \2\ feet : what will be 
the surface of a zone whose altitude is 2 feet ? 

Af%s, 78.54 sq, ft, 

3. The diameter of a sphere is 21 inches : what is the sur- 
face of a zone whose height is 4? inches ? 

Ans. 296.8812 sq. tn. 

4. The diameter of a sphere is 25 feet and the height o^ 
the zone 4 feet : what is the surface of the zone ? 

Ans. 314.16 sq. ft. 

5. The diameter of a sphere is 9, and the height of a zone 
3 foot : what is the surface of the zone ? 

Ans. 84.8232. 

PROBLEM IX. 

To find the solidity of a sphere. 

RULE :. 

Mtdtifly the surface hy one-third of the raiius and the produa 
wOLbeihe solidity (Bk. VI. Th. xxv)- 



OF OBUMBTHY. 



1. What is ihf) solidity uf a sphere 
irbrfle diameter is 12 feet ? 

First, 3.1416 x 12=37.6992= 
circiunrereiice of spheie. 

diameleT := 12 

BurTace =452.3904 

one-third radius = 2 

Solidity = 904.7808 cubic feet. 

a. The diameter of a sphere is 7957.8 : wliat is its solidiiyT 
Ans. 263863122758.4778. 

3. The diameter of a sphere is 24 yards : what is its solid 
wmtents 1 Ans. 7238.2464 aibie yda. 

4, The diameter of a sphere is 8 : what is its solidity? 

Ans. ^68.0838. 

S The diameter of a sphere is 16 : what is its solidity ? 

Alts. 2144.66S6 



C'k6e the diameter and multiply the nufiAer thus found, by (At 
deetTJial .5236, and the product will be the solidity. 



\ What is the solidity of a sphere whose diameter is 20 T 

Ans. 4186.8. 

3. ntat is the solidity of a sphere whose diameter is 6 1 

Jm. 113.0976. 

3. What is the solidity of a sphere whuse diameter is 10? 

«.. Aw S23.6 
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PROBLEM X. 

To find the solidity of a spherical segment with one base. 

RULE. 

A Tc three times the square of the radius of the base, add the 
t^uare of the height. 

II. Multiply this sum by the height, and the product hy the 
decimal .5236, the result will be the solidity of the segment, 

EXAMPLES. 

1. What is the solidity of the seg- 
ment ABD, the height BE being 4 
feet, and the diameter AD of the 
base being 14 feet? 

First, 

7*X3+4*=147+16=163 : 

Then, 1 63 X 4 x. 5236 =34 1.3872 solid feet, which is the 
solidity of the segment. 

2. What is the solidity of the segment of a sphere whose 
neight is 4, and the radius of its base 8 ? Ans. 435.6352. 

3. What is the solidity of a spherical segment, the diam- 
eter of its base being 17.23368, and its height 4.5 ? 

Ans. 572.5566. 

4. What is the solidity of a spherical segment, the diam- 
eter of the sphere being 8, and the height of the segment 2 
feet ? Ans. 41.888 cuoie Jt. 

5 What is the solidity of a segment, when the diameter 
of the sphere is 20. and the altitude of the segment 9 feet T 

Ans. 1781J2872 euhie fi 
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Mfniari 



OF THB BPHEBOID- 

A spheroid U « solid described by the revoluiinn of an 
elUpee about cither o( its axes. 
' If an ellipsw A CBD, be re- 
volved about the transverse or 
longer axis AB, the solid de- 
Bcribed is called a prolate 
spheroid : and if it be revolved 

about the shorter axis CD, the solid doacribod is oaUed ui 
oblate spheroid. 

The earth is an oblate spheroid, the axis about which it 
revolves being about 34 mUes shorter than the diameter per- 
pendicular to it. 

FROBLBM XI. 

To find the solidity of an ellipsoiil 

ROLE. 

Multiply theji^damsby the square of the ret^vtng .mm*. 
W the prod^ by the decimal .5236, ihe rwaft mO be ti* n- 
^^ed solidity. 

tXAHPLES. 

1. In the prolate spheroid 
ACBD, the transTerse axis 
ilB=90, and the revolving 
axis CD=70 feet: what is 
the solidity? 

Here, ^B=90 feet: CD'=7o'=4900: hence 
ABxCD'x.5236=90x4900x.5336=230907.6 cubic fees 
which is the sohdity. 
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2. What is the solidity of a prolate spheriod, whopo iixod 
axisis 100, and revolving axis 6 feet ? Ans, 1884.96. 

3. What is the solidity of an oblate spheroid, whose fizod 
axis is 60, and revolving axis 100 ? Ans. 314160. 

4. What is the solidity oi a prolate spheroid, whose axes 
are 40 and 50 ? Ans. 41888. 

5. What is the solidity of an oblate spheroid, whose axes 
are 20 and 10 ? Ans. 2094.4. 

6. What is the solidity of a prolate spheroid, whose axes 
are 55 and 33 ? Ans. 31361.022. 

7. What is the solidity of an oblate spheroid, whose 
are 85 and 75 ? Ans, — 

OF CYLINDRICAL RINGS 

A cylindrical ring is formed by 
bending a cylinder until the two 
ends meet each other Thus, if a 
cylinder be bent round until the axis 
takes the position mon, a solid will 
be formed, which is called a cylin- 
drical ring. 

The line AB is called the outer, and ed the inner diameter. 

PROBLEM XII. 

To find the convex surface of a cylindrical ring. 

RULE. 

I. To the thickness of the ring add the tnner dtameter. 

II. Multiply this sum hy the thickness, and the p*oduct by 
9.8696, the result will be the area. 
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Mengnration of Cylindrical Ringt 

EXAMPLES. 

1 . The thickness Ae, of a cylindri- 
cal ring is 3 inches, and tlie inner 
diameter ed, is 12 inches : what is 
die convex surface ? 

Ac+cd=3 1-12 = 15: 
15 X 3 X 9.8696=::444.132 square 
inches = the siurface. 

2. The thickness of a cj-lindrical ring is 4 inches, and (he 
Inner diameter 18 inches : what is the convex surface ? 

Ans. 868.52 sq. m. 

3. The thickness of a cylindrical ring is 2 inches, and the 
miit^r diameter 18 inches * what is the convex surface ? 

Ans, 394.784 sg, m. 

PROBLEM XIII. 

To find the solidity of a cylindrical ring. 

RULE. 

i To the thickness of a ring add the inner diameter 

II. Multiply this sum by the square of half the thickness, and 
(he product by 9.8696, the result will be the required solidity. 

EXAMPLES. 

1. What is the solidity of an anchor ring, whose inner di* 
ameler is 8 inches, and thickness in metal 3 inches ? 

84-3=11: then, 11 x(ffx 9.8696=244.2726, which ex 
presses the solidity in cubic inches. 

2. The mner diameter of a cylindrical ring is 18 inches, 
and the thickness 4 inches : what is the solidity of the ring ? 

Ans. 868.5248 cubic inches 
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3. Required the solidity of a cylindrical ring whose thick- 
ness is 2 inches, and itiner diameter 12 inches ? 

Ans. 138.1744 cubic in 

4. What is the solidity of a cylindrical ring, whose thick- 
ness is 4 inches, and inner diameter 16 inches ? 

Ans, 789.568 cubic tn. 

5. What is the solidity of a cylindrical ring, whose thick* 
ness is 8 inches, and inner diameter 20 inches ? 

Ans, 

G. What is the solidity of a cylindrical ring whose thick 
ness is 5 inches, and inner diameter 18 inches 1 

Ann. 
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